A PRECISE RESULT ON THE ARITHMETIC OF NON-PRINCIPAL ORDERS IN
ALGEBRAIC NUMBER FIELDS

ANDREAS PHILIPP

ABSTRACT. Let R be an order in an algebraic number field. If R is a principal order, then many explicit
results on its arithmetic are available. Among others, R is half-factorial if and only if the class group
of R has at most two elements. Much less is known for non-principal orders. Using a new semigroup
theoretical approach, we study half-factoriality and further arithmetical properties for non-principal
orders in algebraic number fields.

1. INTRODUCTION AND MAIN RESULT

Let R be a noetherian domain. Then every non-zero non-unit a € R can be written as a finite product
of atoms, say a = uy - ... ug. In general, a has many essentially different factorizations into atoms. The
non-uniqueness of factorizations of elements in R is measured by arithmetical invariants. For convenience,
we briefly recall the definition of two classical invariants, the elasticity and the set of distances (details
will be given in Section 2). In a factorization of an element a € R as above, the number of factors k is
called the length of the factorization. Then the elasticity p(a) € R>1 U {oo} is defined as the supremum
over all k/l where k and [ are lengths of factorizations of a. Suppose that a =wuy ... - up =v1 ... vy,
where k£ < [ and all u; and all v; are atoms of R. If a has no factorizations of length m with k <m </,
then [ — k is said to be a distance of two (successive) factorization lengths, and A(a) C N is the set of all
such distances. The elasticity p(R) is the supremum over all p(a), and the set of distances A(R) is the
union of all A(a). Then p(R) =1 if and only if A(R) =), and in this case R is said to be half-factorial.

In the last decade, abstract finiteness results for arithmetical invariants have been derived for large
classes of noetherian domains (see [12, Theorem 2.11.9], or [16, 17] for recent progress). If the noetherian
domain is integrally closed, then it is a Krull domain, and if in addition every divisor class contains a
prime divisor, then methods from additive and combinatorial number theory allow one to obtain precise
results on the arithmetic (see [13] for the role of combinatorial number theory in this context). By a
precise result, we mean an explicit formula, say for the elasticity, in terms of the group invariants of the
class group, or an explicit characterization of the extremal cases, say p(R) = 1, which asks, in other words,
for an explicit characterization of half-factoriality.

Half-factoriality has been a central topic ever since the beginning of factorization theory (see the surveys
[7, 10, 23], and [8, 9, 11, 19] for some recent results). A classical result due to Carlitz states that a ring of
integers is half-factorial if and only if its class group has at most two elements (see [1]; there are analogous
results for Krull monoids, but for simplicity we restrict our discussion here to rings of integers). If R is a
ring of integers in an algebraic number field, then, for almost all elements a € R, we have A(a) = {1},
and hence their sets of lengths are arithmetical progressions with difference 1 (see [12, Theorem 9.4.11}]).
Precise results of such a type for non-principal orders are extremely rare. In contrast to the above density
result for principal orders, it is even open whether a non-principal order contains a single element a with
1 € A(a). In 1984, F. Halter-Koch gave a characterization of half-factoriality for non-principal orders
in quadratic number fields (see [12, Theorem 3.7.15], or [14]), but the general case remained wide open

(18, 22)).

The present paper is devoted to non-principal orders in algebraic number fields and studies half-
factoriality and the question whether 1 occurs in the set of distances. Here is our main result.

Theorem 1.1. Let O be a non-principal, locally half-factorial order in an algebraic number field and set

Pr={peX(0)[p>(0:0)}.

1. If |Pic(O)| = 1, then O is half-factorial.
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2. If | Pic(O)| > 3, then (D(Pic(0)))? > ¢(0) > 3, min A(O) =1, and p(O) > 1.
3. If |Pic(O)| = 2, then p(0) <2, 2 <c(0) <4, and min A(O) < 1.
If, additionally, all localizations of O are finitely primary monoids of exponent 1, then, setting
k=#{p P | [0, /O ]pico) = Pic(0)}, it follows that
® Cnon(0) =c(0) =2 +min{2,k} € {2,3,4};
e (0) = 1c(0) € {1.3.2);
« A0)=11,¢(0) -2 € [1,2);
and the following are equivalent:
® Cnon(0) = 2.
e c(0)=2.
e O is half-factorial.
If, additionally, [p] = Opic(o) for all p € P*, then the following is also equivalent:
o t(0) =2.
In particular, min A(O) < 1 always holds.

Recall that O is called locally half-factorial if the localizations O, are half-factorial for all non-zero
prime ideals p of O. It is the standing conjecture that all half-factorial orders are locally half-factorial,
and this holds true for orders in quadratic and cubic number fields. In particular, the above theorem
yields the classical result of F. Halter-Koch as a corollary (see Corollary 4.7). We will see that the most
difficult case is | Pic(O)| = 2, and that the other ones are quite easy.

We briefly sketch our approach. We proceed in two steps. The first one is fairly standard in this
area. We consider O, the set of invertible ideals Z*(O), and construct the associated T-block monoid
B(G,T,.). Then all questions under consideration can be studied in the T-block monoid instead of in
O (see Section 3 for this transfer process). The second step contains the main new idea behind the
present progress. In a series of recent papers (see for example [3, 5, (]), arithmetical invariants of a
monoid have been characterized in abstract semigroup theoretical terms, such as the monoid of relations
and presentations. Of course, these semigroup theoretical invariants are far beyond reach in the case of
non-principal orders. However, the T-block monoid B(G, T, t) has such simple constituents that these
characterizations can be used to determine the arithmetical invariants exactly. These local results can be
put together to get information for the whole T-block monoid B(G, T, ), and then all this is shifted to O.
Our crucial technical results are formulated in Lemma 3.16 and Proposition 3.17, which are based on [20]
and [21].

In Section 2, we recall the relevant concepts from factorization theory and some abstract concepts from
semigroup theory. In Section 3, we introduce T-block monoids and the associated transfer homomorphisms.
The main work is to prove the already mentioned technical results Lemma 3.16 and Proposition 3.17. The
proof of our main result, Theorem 1.1, will be given at the end of Section 3.

2. PRELIMINARIES

In this note, our notation and terminology will be consistent with [12]. Let N denote the set of positive
integers and let Ng = NW{0}. For integers n, m € Z, we set [n,m] = {x € Z | n < x < m}. By convention,
the supremum of the empty set is zero and we set % = 1. The term “monoid” always means a commutative,
cancellative semigroup with unit element. We will write all monoids multiplicatively. For a monoid H, we
denote by H* the set of invertible elements of H. We call H reduced if H* = {1} and call Hyeq = H/H*
the reduced monoid associated with H. Of course, H,eq is always reduced. Note that the arithmetic of H
is determined by H,eq, and therefore we can restrict to reduced monoids whenever convenient. We denote
by A(H) the set of atoms of H, by A(H,eq) the set of atoms of the associated reduced monoid Hieq,
by Z(H) = F(A(Hyeq)) the free (abelian) monoid with basis A(Hyeq), and by mg : Z(H) — Hyeq the
unique homomorphism such that 7| A(Hyeq) = id. We call Z(H) the factorization monoid and 7y the
factorization homomorphism of H. For a € H, we denote by Z(a) = 7r;{1 (aH™) the set of factorizations of
a and denote by L(a) = {|z] | z € Z(a)} the set of lengths of a, where | - | is the ordinary length function
in the free monoid Z(H). In this terminology, a monoid H is called half-factorial if |L(a)| = 1 for all
a € H\ H*—this coincides with the classical definition of being half-factorial, since then every two
factorizations of an element have the same length—and factorial if |Z(a)] =1 for all a € H \ H*.

With all these notions at hand, for a € H, we set

sup L(a)

pla) = minL(a) and call p(H) =sup{p(a) | a € H} the elasticity of H.



ARITHMETIC OF NON-PRINCIPAL ORDERS 3

Note that H is half-factorial if and only if p(H) = 1.
For two factorizations z, 2’ € Z(H), we call

d(z,2) = max{

Definition 2.1. Let H be an atomic monoid and a € H.
1. Factorizations zo, ..., 2z, € Z(a) with n € N and d(z;_1, 2;) < N for some N € N and i € [1,n] are
called
e an N-chain concatenating zo and z, (in Z(H)).
e a monotone N-chain concatenating zo and z, (in Z(H)) if |z;_1| < |z for all ¢ € [1,n].
2. The
e catenary degree c(a)
e monotone catenary degree Cpon(a)
denotes the smallest N € Ng U {oo} such that for all z, 2’ € Z(a) there is
e an N-chain concatenating z and z’.
e a monotone N-chain concatenating z and z’.
Then we call
e c(H) =sup{c(a) | a € H} the catenary degree of H.
® Coon(H) = sup{cmon(a) | @ € H} the monotone catenary degree of H.

Note that ¢(H) < cmon(H) and that equality holds if H is half-factorial by [21, Lemma 4.4.1].

!/

z z

b

} the distance between z and 2.

ged(z,2') |7 | ged(z, 2')

Definition 2.2. Let H be a reduced atomic monoid.
1. For a € H and x € Z(H), let t(a, x) denote the smallest N € Ny U {oco} with the following property:
If Z(a) NxZ(H) # 0 and z € Z(a), then there exists some 2z’ € Z(a) N xZ(H) such that
d(z,2') < N.
For subsets H' C H and X C Z(H), we define
t(H',X) = sup{t(a,z) |a € H', x € X},

and we define t(H) = t(H, A(H)). This is called the tame degree of H.
2. If t(H) < oo, then we call H tame

Here we recall the exact definitions from [21, Definition 2.3] for the Req-relation and the R-relation,
the latter one coinciding with the one given in [20, Section 3].

Definition 2.3. Let H be a reduced atomic monoid and a € H.
1. Factorizations zg, ..., 2, € Z(a) with n € N and ged(z;_1, ;) # 1 for all ¢ € [1,n] are called
e an R-chain concatenating zp and z, (in Z(H)).
e a monotone R-chain concatenating zg and z, (in Z(H)) if |z;—1| < |z;| for all i € [1,n].
e an equal-length R-chain concatenating zo and z, (in Z(H)) if |z;—1| = |2;| for all i € [1,n].
2. Two elements z, 2’ € Z(H) are
o R-related
o Req-related
if there is an
® R-chain
e equal-length R-chain
concatenating z and z’. We then write z &~ 2’ respectively z ~eq 2.
Note that with the above definitions ~ and =%, are congruences on Z(H) x Z(H).

Definition 2.4. Let H C D be monoids.

1. We call H C D saturated or, equivalently, a saturated submonoid if, for all a, b € H, a | b in D
already implies that @ | b in H.

2. If H C D is a saturated submonoid, then we set D/H = {aq(H) | a € D} and [a|p,z = aq(H)
and we call q(D)/q(H) = q(D/H) the class group of H in D.

Definition 2.5. Let H be an atomic monoid. We call
~pg={(z,y) € Z(H) x Z(H) | m(x) = 7(y)} the monoid of relations of H,
~Hmon = {(%,y) €~ |z| < |y|} the monoid of monotone relations of H,

and, for a € H, we set
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By [20, Lemma 11], ~gC Z(H) x Z(H) is a saturated submonoid of a free monoid and thus a Krull
monoid by [12, Theorem 2.4.8.1]. Unfortunately, ~g monC~pg is not saturated.

Notions for integral domains. For an integral domain R, we set R®* = R\ {0} for the commutative,
cancellative monoid of non-zero elements of R. Additionally, all notions, which were introduced for
monoids, are used for domains, too; for example, we write A(R) instead of A(R®) for the set of atoms.

Definition 2.6. Let R be an integral domain and K = q(R) the quotient field of R.

1. We call spec(R) the set of all prime ideals of R.
2. We set
X(R) = {p € spec(R) | p # 0 and p is minimal}
for the set of minimal prime ideals of R.
3. Let L D K be a field extension. We call b € L integral over R if there is a monic polynomial
f € R[X] such that f(b) =0.
4. We call

clp(R) ={b € L|bis integral over R} the integral closure of R in L

and we set R = clx (R) for the integral closure of an integral domain (in its quotient field).
5. For non-empty subsets X, Y C K, we define

YV:X)=Y :xkX)={a€K|aXCY}and X ! =(R:X).

We denote by Z(R) the set of all ideals of R and we call an ideal a € Z(R) invertible if aa=! = R.
Then we denote by Z*(R) the set of all invertible ideals of R.

Definition 2.7. A one-dimensional noetherian domain R is called locally half-factorial if Z*(R) is half-
factorial.

Note that this notion of being locally half-factorial does not coincide with the one defined in [2] but
coincides with what is called purely locally half-factorial there.

By [12, Theorem 3.7.1], we have 7*(R) = Hpex(R)(R;)red' Thus Z*(R) is half-factorial if and only if

(R;)red is half-factorial for all p € X(R).

3. PROOF OF THE MAIN THEOREM

Before we can prove the main theorem, we need to gather some additional tools, among these the
notion of T-block monoids over finite abelian groups, the concept of transfer homomorphism, and some
monoid theoretic preliminaries. Once all these things at hand, we will exploit the results from [20] and
[21] to give the final proof of the main theorem.

T-block monoids and transfer principles. First, we briefly fix the notation for T-block monoids,
which are a generalization of the concept of block monoids, and therefore have their origin in zero-sum
theory; for a detailed exposition of these aspects, the reader is referred to [12, Chapter 3] . Let G be an
additively written finite abelian group, Gy C G a subset, and F(Gg) the free abelian monoid with basis
Go. The elements of F(Gy) are called sequences over Gg. If a sequence S € F(Gy) is written in the form
S=g¢g1-... g, we tacitly assume that [ € Ny and ¢1,...,9; € Gp. For a sequence S =g¢; - ... g, we call

|S| =1 the length of S and

o(S) = 22:1 gi € G the sum of S.
The sequence S is called a zero-sum sequence if o(S) = 0. We set

B(Go) ={S € F(Gyp) | ¢(S) =0} for the block monoid over Gy

and A(Gy) = A(B(Gy)) for its set of atoms.
Then, the Davenport constant D(Gy) € N is defined to be the supremum of all lengths of sequences in
A(Gp).
Now we are able to give the precise definition of T-block monoids.
Definition 3.1. Let G be an additive abelian group, T" a monoid, ¢ : T' — G a homomorphism, and
o : F(G) — G the unique homomorphism such that o(g) = ¢ for all g € G. Then we call
B(G,T,.)={St € F(G) x T | a(S) + (t) = 0} the T-block monoid over G defined by ¢.

If T = {1}, then B(G,T,t) = B(G) is the block monoid over G.
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Next we give the transfer homomorphism and, then, we use it to transport questions on the arithmetic
of our investigated monoids to T-block monoids.

Definition 3.2. A monoid homomorphism 6 : H — B is called a transfer homomorphism if it has the
following properties:

T1 B = 0(H)B* and 6~1(B*) = H*.

T2 Ifa € H, r, s € B and 0(a) = rs, then there exist b, ¢ € H such that (b) ~r, 0(c) ~ s, and a = be.

Definition 3.3. Let 6 : H — B be a transfer homomorphism of atomic monoids and 0 : Z(H) — Z(B)
the unique homomorphism satisfying #(uH*) = 6(u)B* for all u € A(H). We call 6 the extension of 6 to
the factorization monoids.
For a € H, the catenary degree in the fibers c(a, 0) denotes the smallest N € Ny U {oco} with the following
property:
For any two factorizations z, 2’ € Z(a) with 6(z) = 0(z'), there exists a finite sequence of
factorizations (zo, 21, ...,2k) in Z(a) such that zg = 2, 2z, = 2/, 0(z) = 9_( ), and d(z;— 1,21) <N
for all i € [1,k]; that is, z and 2’ can be concatenated by an N-chain in the fiber Z(a) N0~ ((6(2))).
Also, c(H,0) = sup{c(a,0) | a € H} is called the catenary degree in the fibers of H.

Lemma 3.4. Let D be an atomic monoid, P C D a set of prime elements, and T C D an atomic
submonoid such that D = F(P) x T. Let H C D be a saturated atomic submonoid, let G = q(D/H) be
its class group, let v : T — G be a homomorphism defined by 1(t) = [t]p,p, and suppose each class in G
contains some prime element from P. Then
1. The map  : H — B(G,T,t), given by B(pt) = [plp/u + t(t) = [plp/u + [tIp/#, is a transfer
homomorphism onto the T-block monoid over G defined by t, and c(H, ) < 2
2. The following inequalities hold:

«(B(GT)) < o) <max{c(B(G,T,¢)),c(H,B)},
Cmon(B(G,T,1)) < cmon(H) < max{cmon(B(G,T,¢)),c(H,[)}, and
t(B(G,T,)) < t(H) <t(B(G,T,.)+D(G)+1.
In particular, the equality c(H) = C(B(G’, T,.)) holds if c(B(G,T,t)) >
Cmon(B(G, T, 1)) holds if cron(B(G, T, 1)) > 2.
3. L(H) = L(B(G,T,.), AH) = (B(G T,1)), min A(H) = min A(B(G,T,)), and p(H) =
p(B(G,t,1)).
4. We set B={S € B(G,T,t) |0t S}. Then B and B(G,T,t) have the same arithmetical properties,
and

2, and the equality cymon (H) =

c(B) < c(H) < max{c(B),c(H,B)},
Cmon(B) < cmon(H) < max{cmon(B),c(H,p)}, and
t(B)< t(H) <t(B)+D(G)+1
In particular, the equality c(H) = c(B) holds if c(B) > 2, and the equality cmon(H) = Cmon(B) holds

if Cmon(B) > 2.
Additionally, L(H) = L(B), A(H) = A(B), min A(H) = min A(B), and p(H) = p(B).

Proof.
1. Follows by [12, Proposition 3.2.3.3 and Proposition 3.4.8.2].
2. The assertion for the catenary degree follows by [12, Theorem 3.2.5.5], the assertion for the
monotone catenary degree by [12, Lemma 3.2.6], and the assertion for the tame degree by [12,

Theorem 3.2.5.1].

3. Follows by [12, Proposition 3.2.3.5].

4. Since 0 € B(G,T, 1) is a prime element, it defines a partition B(G,T,¢) = [0] x B with B={S €
B(G,T,.) | 01S}. Thus all studied arithmetical invariants coincide for B and B(G,T,t). Now the
assertions follow from part 2 and part 3. |

Lemma 3.5. Let D be an atomic monoid, P C D a set of prime elements, and T C D an atomic
submonoid such that D = F(P) x T. Let H C D be a saturated atomic submonoid, G = q(D/H) its class
group, and suppose each class in G contain some p € P.

1. If |G| > 3, then min A(H) =1, p(H) > 1, c¢(H) > 3.

2. p(H) < D(G)p(T).
Proof. We define a homomorphism ¢ : " — G by «(t) = [t]p/r and write B(G, T, ) for the T-block monoid
over G defined by ¢.
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1. Then B(G) C B(G,T,.) is a divisor-closed submonoid. By [12, Theorem 6.7.1.2], we have
min A(G) = 1, and thus min A(B(G,T,t)) = 1 and ¢(B(G,T,t)) > 3 by [12, Theorem 1.6.3].
Now the assertions follow by Lemma 3.4.2 and Lemma 3.4.3.

2. By [12, Proposition 3.4.7.5], we have p(B(G,T,t)) < D(G)p(T). Now the assertion again follows by
Lemma 3.4.2. ]

Definition 3.6. A monoid H is called finitely primary if there exist s, K € N and a factorial monoid
F =p1,...,ps| X F* with the following properties:

] [‘I\[{>< Cpr-... psF,

e (pr-...-ps)*F C H, and

o (p1-...-ps)'F ¢ H fori€[0,k).
If this is the case, then we call H a finitely primary monoid of rank s and exponent k.
Note that this definition is slightly more restrictive than the one given in [12, Definition 2.9.1]. By [12,
Theorem 2.9.2.1], we get F = H, and therefore H C H = [py,...,ps] x H* C q(H).
Then, for i € [1, s], we denote by vy, : q(H) — Z the p;-adic valuation of q(H).
Now let H C H = [p] x H* be a finitely primary monoid of rank 1 and exponent k. Then we set
Ui(H) = {ue H* | p'u € H} for i € Ny.

As a first observation, we find

H* i= .
?/{Z'(H):{qux i and  U;(H)U;(H) C Uiy;(H) for all 4,5 € No.

Definition 3.7. Let s €N, e = (ey,...,e,) € N*, k= (ky,...,ks) €N, and H C H = [py,...,ps] x H*
be a finitely primary monoid of rank s and exponent max{ky,...,ks}.
Then H is a monoid of type (e, k) if
o v, (H)=¢;NgUN>y, forall i =[1,s] and
° plf1~...-p§SﬁCH.
Ifs=1,1e,e=(e) € Nand k = (k) € N, then we say that H is a monoid of type (e, k) instead of (e, k).

Lemma 3.8. Let H C H = [P1,.--,Ds) X H* be a reduced finitely primary monoid of rank s and exponent
k.

1. The following statements are equivalent:
(a) H is half-factorial.
(b) H is of rank 1 and v, (A(H)) = {1}.
(c) H is of rank 1 and (U (H))! = U,(H) for all I € N.
If any of these conditions hold, then A(H) = {pie | e € Uy(H)}, Us(H))* = H*, and H is a
monoid of type (1,k).
2. If H is a half-factorial monoid of type (1,k) and aq,...,ax41, b € A(H), then there are some
bi,...,br € A(H) such that ay - ... ap11 = bby - ... bg.
In particular, cmon(H) = c(H) < t(H) <k+1.

Proof.
1. (a) = (b). If H is of rank s > 2, then we find p(H) = oo by [12, Theorem 3.1.5.2 (b)]. Thus H
is of rank 1. Now we prove #v,, (A(H)) = 1. [Then the abbertlon follows since vy, (A(H)) = {n}
with n > 2 implies v,, (H) = nNyg 2 N>, a contradiction.] Suppose #v,, (A(H)) > 1. Let
n =minv,, (A(H)), m € v, (A(H))\ {n}, and e, n € H* be such that pls, pn € A(H). Now we
find
W n)* = @re) (" e ).
On the left side there are k atoms and on the right side at least k + 1—a contradiction to H being
half-factorial.
(b) = (a). Since vy, (A(H)) = {1}, we have L(a) = {v,,(a)}, i.e., #L(a) =1 for all a € H \ H*.
Therefore, H is half-factorial.
(b) = (c). Since v, (A(H)) = {1}, we have A(H) = {p1u | u € U1 (H)}. Thus, for alll € N, we
have U;(H) C (U (H))'. Since we always have (U (H))! C U;(H), the assertion follows.
(c)=(b). Let [ € N>, and let ¢ € U;(H). By assumption, there are €1,...,g; € Us(H) such that
(p1e1) - ...~ (p1e1) = ple, and therefore ple ¢ A(H); thus v, (A(H)) = {1}.
Now we prove the additional statement. A(H) = {p1e | € € U1(H)} has already been shown and
(U1 (H))* = Uy,(H) = H* is obvious. The last statement follows immediately by considering the
definition of a monoid of type (1, k); see Definition 3.7.
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2. Let H C [p1] X H* = H be a half-factorial monoid of type (1,k) and let ay,...,ak+1, b € A(H).
Since H is half-factorial, we have ¢(H) = cyon(H) by [21, Lemma 4.4.1]. By part 1, we have
A(H) = {p1e | € € Us(H)}. Then there are €1,...,e5+1, n € U1(H) such that a; = p1g; for
i €[1,k+ 1] and b = p1n. Now we find

ap-...-app1 = (p1e1) .. - (Pr€pg1) = (plﬁ)(plfn_lﬂ S Ekl)
By part 1, (Uy(H))* = H*, and thus there are ny,...,n, € Uy (H) such that ey ... eppq =
7 ... Nk Now we finish the proof by setting b; = pyn; for i € [1,k]. |

The result of Lemma 3.8.2 is sharp as the following example shows.

Example 3.9. Let H C H = [p] % H* be a half-factorial, reduced, finitely primary monoid of rank 1
and exponent k — 1, with k > 2, such that H* = C2 = (e1) X (e2) and Uy (H) = {1,e1,e2}.
Then c(H) = k.

Proof. By Lemma 3.8.2 we find c(H) < k; thus the assertion follows from the equations
(pe1)* = (pea)* =p* and e¥ =eb =1 and ord(e;) = ord(ey) = k,

since one cannot construct any shorter steps in between because of the minimality of the order of ey
respectively es. O

Definition 3.10 (cf. [12, Definition 3.6.3]). Let D be an atomic monoid.
1. If H C D is an atomic submonoid, then we define

p(H, D) :Sup{minl‘H(a)

2. Let H C D be a submonoid and Go = {[u|p/u|u € A(D)} C q(D/H). We say that H C D is
faithfully saturated if H is atomic, H C D is saturated and cofinal, p(H, D) < oo, and D(Gp) < oo.

H\ D* R .
minLp(a) @€ H\ }6 20 U {oo}

Lemma 3.11. Let D be a half-factorial monoid and H C D an atomic saturated submonoid.
Then p(H, D) < 1.

Proof. Let e € D* N H. Then € | 1 in D, and thus € | 1 in H, and therefore ¢ € H*. Now we find
p(H,D) < p(D) =1 by [12, Proposition 3.6.6]. O

Lemma 3.12. Let D be a monoid, P C D a set of prime elements, r € N, and let D; C f)\l = [pi] x ﬁf
be reduced finitely primary monoids such that D = F(P) x Dy x ... x D,.. Let H C D be a saturated
submonoid, G = q(D/H) its class group, and let G be finite.

Then

1. D is a reduced BF-monoid.
2. H C D is a faithfully saturated submonoid and H is also a reduced BF-monoid.

Proof.

1. Since D is the direct product of reduced BF-monoids, D is a reduced BF-monoid.
2. Since, by part 1, D is a reduced BF-monoid, H is a reduced BF-monoid by [12, Proposition 3.4.5.5].
Since G and r are finite, H C D is faithfully saturated by [12, Theorem 3.6.7]. O

The following lemma offers a refinement of [12, Theorem 3.6.4] for faithfully saturated submonoids
H C D such that p(H,D) = 1. In our application, this new result yields a crucial refinement from
c(H)<6toc(H) <4,

Lemma 3.13. Let D be a reduced atomic half-factorial monoid, H C D a faithfully saturated submonoid
with p(H,D) =1, G = q(D/H) its class group, D = D(G) its Davenport constant, and suppose each class
in G contain some u € A(D).

Then

1. ¢(H) < max { [%C(D)J ,D2}.
2. Ifa,c€ H and x € Zy(c), then

ty(a,x) < |z| (1 + DD2_1) + Dtp(a,Zp(c)).
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Proof. We start by developing the same machinery to compare the factorizations in H with those in
D as in [12, Proof of Theorem 3.6.4]. Let ny : Z(H) — H and wp : Z(D) — D be the factorization
homomorphisms and let Y = 75" (H) C Z(D). Let f : Z(D) — D/H be defined by f(z) = [7p(2)]p,n-
Then f is an epimorphism and Y = f~1(0). Now [I2, Proposition 2.5.1] implies that Y C Z(D) is
saturated, that Y is a Krull monoid, and that f induces an isomorphism f* : Z(D)/Y — D/H, since
Y C Z(D) is cofinal. By [12, Theorem 3.4.10.5], we have c(Y) < D, and by [12, Proposition 3.4.5.3] it
follows that |v| < D for all v € A(Y). If v € Y, then there exists a factorization y € Zy(7mp(v)) such that
lyl < [v].
If Ze Y and z € Z(H), then we say that z is induced by Zif z = 21 - ... 2z, and Z = Z1 - ... - Zpp,
where Z; € A(Y) C Z(D), z; € Zu(np(Z;)) and |z;| < |Z;| for all j € [1,m]. If z is induced by Z, then
mr(z) = mp(Z2) and |z| < |Z|. By definition, every factorization Z € Y induces some factorization z € Z(H).
Also, if z is induced by Z and 2’ is induced by Z’, then zz’ is induced by 27’
Ifx =wy-... uyn € Z(H), where u; € A(H) and 4; € Zp(u;), then 4; € A(Y) and |a;| < D for all
J € [1,m] by [12, Proposition 3.4.5.3]. Hence z is induced by & = @y - ... - @y, and |Z] < D|z|.
We prove the following assertions:
A0 Let Z€Y with Z=ay ... amby - ... by, where a1, ..., am, b1,...,b, € A(H), [a1]p/p = ... =
[am]D/H = 0D/H7 and [bl]D/H7 e [bn]D/H 7é OD/H- For any z € Z(H) such that z is induced by
Z, we have [z| = m + | %].
A1l For any Z, 2’ € Y, there exist z, 2’ € Z(H) such that z is induced by Z, 2’ is induced by Z’, and
d(z,2') < [BEd(z, 7).
A2 Ifa € H, 2 €Y, and z, 2’ € Zg(a) are both induced by 2, then there exists a D?-chain of
factorizations in Zy(a) concatenating z and z’.

Proof of A0. Let Z€ Y with Z=ay-...-amby - ... by, where ay, ..., am, b1,...,b, € A(H), [a1]p/m =
.= lamlp/ag =0, and [b1]p/g = ... = [bn]p /i # Op/u. Let now z € Z(H) be induced by zZ. We have
a; € A(H) for all i € [1, m| and—after renumbering if necessary—>by - ... bj,, bj,41-...-bj,, ..., bj, 41~

.-bj, € A(H) forsome k e Nand 1 < j1 +1 < jo < jo+1< ... <jr1+1 < jp < nsuch that
ar oo p(by oo by ) (bjg1 oo bgy) s (bju 41 ... - by ) = z. Then we have |zl =m+ [Z|. O

Proof of A1. Suppose that z, 2/ € Y, w = ged(2,2') € Z(D), Z = wj, and Z' = 0§, where g, §' € Z(D).
By [12, Proposition 3.4.5.6], there exists some wy € Z(D) such that wy | w, Wy € Y, and |wo| < (D—1)|g].
We may assume that there is no a € A(D) with a | @y and [a]p/g = 0. We set @, = 1w . Since
Z=w1(woy) € Y and Wy € Y, we obtain w, € Y, and since 2’ = w1 (wog') € Y it follows that weg’ € Y.
Let v, u, v’ € Z(H) be such that v is induced by ﬁ/o_lw, u is induced by Wy and v’ is induced by woF’.
Then z = uv is induced by @y = Z, 2/ = v/v is induced by Wy’ = z’, and, by part A1,

|0l

e, ) < maox{ll, ') < maxll, 1)+ || < | 24 a ). 0

Proof of A2. For every v € A(Y), we fix a factorization ©* € Z(H) which is induced by ¢, and, for
g=701-...-05s € Z(Y), we set g* = 07 -...- 0% € Z(H). Then g* is induced by 7y (¥), |5*| < |7y (¥)| < D|y|,
and if 1, g2 € Z(Y), then d(y},45) < |2Fd(51,52) | by AL

Let now z, 2z’ € Zg(a) be both induced by 2. Then 2 =91 ... 0, =9]-...-0.,, 2 =101 ... Uy, and
z =wvi-... v, where ¥;, 0 € A(Y), v; is induced by ¥;, and v} is induced by 9. Since § = 01-...-0, € Zy (),
gy =9 -...-0., € Zy(%), and c(Y) < D, there exists a D-chain ¥ = %o,91,...,5 = ¥ in Zy(2)
concatenating y and ¢’ in Zy(2). Then ¢§,v7,...,y; is a D-chain in Zy(a) concatenating y* and ™.
We have g5 = of - ... 05, 2z = v1 - ... - v, and since both v; and v} are induced by ¥;, it follows
that max{|v;|,|vf|} < |&%;] < D. For i € [0,r], we set z; = 0F ... - Ufviq1 ... v € Zg(a). Then
Z = %Z9,%1,...,% = ¥ is a D?-chain concatenating z and %*. In the same way, we get a D-chain
concatenating ¢"* and z’. Connecting these three chains, we get a D2-chain in Z(a) concatenating z and
Z. |

1. Assume a € H and z, 2’ € Zg(a). Let Z, 2 € Y be such that z is induced by Z and 2’ is induced by
Z'. Then £, 2’ € Zp(a), and therefore there exists a ¢(D)-chain Z = Zy, Z1,..., % = %] in Zp(a). For
i €[0,0 — 1], A1 gives the existence of factorizations z., z;’ € Zy(a) such that z} is induced by Z;,
2! is induced by %41, and d(z}, 2/) < |2 c(D)|. By A2, there exist D?-chains of factorizations
in Zp(a) concatenating z and z(, z;’ and z;, for all i € [0,/ — 1], and z_; and 2’. Connecting all

these chains, we obtain a max { L(Di;l)c(D)J , DQ}—chain concatenating z and 2’
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Suppose that a, c€ H, x € Zg(c), z € Zy(a), and Zy(a) NxzZ(H) # 0. We set t = tp(a,Zp(c)),
and we must prove that there exists some 2z’ € Zg(a) N2zZ(H) such that

D-1
d(z,2') < |z| <1 + D2> + Dt.

Let £ € Y be such that z is induced by # and |Z| < D|z|. Suppose that z = uy - ... - up, and
Z=1Uy-... Up, where u; € A(H) and @; € Zp(uy) for all j € [1,m]. Then z is induced by Z. Since

Zy(a) ﬂxZ( ) # (), we obtain 7p (%) = 7y (z) | a, hence Zp(a) NZZ(D) # B, and therefore there
exists some ' € Zp(a) NZZ(D) such that d(Z,Z") < tp(a,Z) < t. After renumbering (if necessary),
we may assume that

k
ged(z = H ﬁ ;, and weset ¢ =2 H aj—l,
j=1 j=k+ j=1

where k € [0,m], y; € Z(D), y; | @;, y; # Uj, and thus |y;| < |@;| —1 <D —1forall j € [k+1,m].
Hence we obtain

tzd(g,él):d H ﬂjyj_17gl H yj_l Zmax{m7k7 ‘g/‘i(mik)(Dil)}v
j=k+1 j=k+1

and therefore |§'| < t+ (m — k)(D — 1) < tD. After renumbering again (if necessary), we may

suppose that &1 = ged(ty - ... Uk, T) = yj,q - - Yp, where I € [0, k], yj € Z(D) and 1 # y | 4y
for all j € [l + 1,k]. Then we have k—l < || § |Z| < D]z

Since & | 7, it follows that '@ | #,'2" = ¢/ (iflﬂ ..+l ), and since ged (2] Yy - . g, 77 ) =
1, we deduce #7'Z | §. Hence & | §'&y | §'Uyy1 - - .. - Ug, and we set

J=a Y. .. = (F0y ... @) 12 €Z(D).

Since Z’', &, 41,...,4 € Y and Y C Z(D) is a saturated submonoid, we get § € Y. Now we set
§ = 192 with §; = (27'2)'¢ and o = (ﬂl+1y2j&) coo (Tgy ). Let y € Z(H) be induced by 4.
then 2’ = zyuy - ... -w € Zy(a) NxZ(H) is induced by 7/, and d(z,2") = d(ujs1 - ... - Um, 2y) <

max{m — [, |z| + |y|}. Now we start by computing |y|. Since, for all j € [l + 1, k], there is no
a € A(D) such that [a]p/g = 0p,g and a | ﬂjyj_l, we find using part AO
-1
o).

J E—D(D-1 DD -1
lyl <[] + V?J;'J <7+ {()Q)J gtD+(2)|x|:D(t+
D-1
m—1l=(m-—k)+ (k—1) <t+Dlz|, |:E|—|—y|<|:E|—|-D<t—|—2|ac|>7

Furthermore, we have

and D > 2 implies
D—-1
t+ D|z| < |z <1 + D2) + Dt.

Hence we obtain the asserted bound for d(z, z’). O

Lemma 3.14. Let D be a monoid, P C D a set of prime elements, r € N, and let D; C l/)\Z = [ps] % lA)ZX
be reduced half-factorial but not factorial monoids of type (1,k;) with k; € {1,2} fori € [1,r] such that
D =F(P)xDyx...xD,. Let HC D be a saturated submonoid, G = q(D/H) its class group, and
suppose G is finite with each class in G containing some p € P.

Then
1.

2.
3.
4.

Proof.

1.

2 <¢(D) = max{c(D1),...,c(D;)} <max{ki,...,k-} +1 <3 and D is half-factorial.
In particular, c(D) =2 and t(D) =2 ifky =... =k, = 1.

If |G| =1, then c(H) = c¢(D), t(H) = t(D), and H is half-factorial.

If |G| > 3, then (D(G))? > c(H) > 3 and min A(H) = 1.

If |G| =2, then c(H) <4 and p(H) < 2.

By Lemma 3.12.1, D is atomic. Trivially, we have c(F(P)) = 0. By Lemma 3.8.2 and the fact that
D; is not factorial, we find 2 < ¢(D;) < k; +1 <3 for all ¢ € [1,7]. By [12, Proposition 1.6.8], we
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find
c(D) = max{c(F(P)),c(D1),...,c(D)}
= max{c(D1),...,c(D.)}
=max{ky,..., k. } +1<3.
Thus the first part of the assertion follows. Since D is the direct product of half-factorial monoids,
D is half-factorial by [12, Proposition 1.4.5]. We have t(D;) = 2 if k; = 1 for all ¢ € [1,7] by

Lemma 3.8.2. Now t(D) = 2 follows by [12, Proposition 1.6.8].
2. Here we have H = D and thus the assertion follows from part 1.

Before the proof of the two remaining parts, we make the following observations. By Lemma 3.12.2, H is
atomic, H C D is a faithfully saturated submonoid, and, by Lemma 3.11, we have p(H, D) < 1.

3. By part 1, we have ¢(D) < 3, by Lemma 3.5.1, we have min A(H) = 1, and, by [12, Lemma 1.4.9.2],
we have D(G) > 3. Using [12, Theorem 3.6.4.1], we find

3 < D(G) < c(H) < p(H, D) max{c(D),D(G)}D(G) = (D(G))*.

4. Since |G| = 2, we have D(G) = 2, and since D; X ... x D, is half-factorial, i.e., p(D; X ...x D,.) =1,
we find p(H) < 2 by Lemma 3.5.2. When we apply Lemma 3.13.1, we find

<(H) < maXH(D(G) + 1)C(D)J ,D(G)?} < HQJ ,4} — 4 0

2 2

For the rest of this section, we define additional shorthand notation. Let D be a monoid, P C D a
set of prime elements, and T C D a submonoid such that D = F(P) x T. Let H C D be a saturated
submonoid, G = q(D/H) = q(D)/q(H) its class group, suppose each g € G contains some p € P, and let
B(G,T,) be the T-block monoid over G defined by the homomorphism ¢ : T' — G, «(t) = [t|p/a-

For a subset S C B(G,T,:) and an element g € G, we set S, = SN~ ({g}).

Lemma 3.15. Let D be a monoid, P C D a set of prime elements, r € N, and let D; C /D\Z =

[pi] x l/)\ix be reduced half-factorial monoids of type (1,k;) with k; € {1,2} for all i € [1,7] such that
D =F(P)x Dy x...xD,. Let HC D be a saturated submonoid, G = q(D/H) its class group with
|G| = 2, say G = {0, g}, suppose each class in G contains some p € P, and define a homomorphism
t:D1x...xD, =G byL(t): [t]D/H

Then we find the following for the atoms of the (D1 X ... x D,.)-block monoid over G defined by ¢, i.e.,
B(G,Dl X ... X DT,L).'

A(B(G,Dy X ... x Dy,1))
=1{0,¢%}
U{pie | i € [1,r], e € Ur(D;), t(p;e) = 0}
U{pieg | i € [1,7], e € Ui(Ds), u(pic) = g}
Ufpieli€Lr) e € (Di Do\ Ch(D)up)’)
U{pipjeic; | 1, j € [1,7], i # 4, € € Ui1(D;), €5 € Ur(D;), t(pies) = t(pjej) = g}
Proof. For short, we write B = B(G, Dy x ... x D,,¢). Since |G| = 2, we have D(G) = 2, and thus every

atom of B is a product of at most two atoms of F(G) x Dy X ... x D,. First, we write down all atoms of
F(G) x D1 X ... x D,, namely,

A(F(G) x Dy x ... x Dy) ={0,g} U| J{pie | £ € th (D))},
i€[1,r]
by Lemma 3.8.1. Now, we find
AF(G)x Dy x...x D, )NB={0}U{pic|i€[l,7], e € U(D;), t(p;e) = 0}, and
A(‘F(G> X Dl X...X D’r‘) \B = {g} U {sz | i€ [17T]7 € eul(Di)7 L(pi‘g) = g}

By Lemma 3.12, D and H are reduced, and therefore e;e; ¢ B for all 4, j € [1,r], i # j, &; € Us(D;), and
€j € Uy(D;). Thus the following products of two atoms of F(G) x Dy x ... x D, are atoms of B:

A(B) >{g*}
U{pieg | i € [1,7], € € UL(D;), t(pie) = g}

—~X

U{pie i€ [Lr], e € (Di Do\ Ui(Di)up))?}
U{pipjeics | i, j € [1,7], 1 # j, es € Ur(Dy), €5 € Ur(Dj), t(pigs) = t(pjej) = g} .
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Since we have run through all possible combinations, the assertion follows. O

Lemma 3.16. Let D = F(P)x Dy X...X D, be a monoid, where P C D is a set of prime elements, r € N,

and, for alli € [1,r], D; C [p;] x l/)\ix is a reduced half-factorial but not factorial monoid of type (1,1). Let

H C D be a saturated submonoid, G = q(D/H) its class group with |G| = 2, and suppose each class in G

contains somep € P. Lett: Dy x...x D, — G be defined by 1(t) = [t]p/u, denote by B(G, Dy x...xX Dy, 1)

the (D1 X ... x D;)-block monoid over G defined by , and set |- |5 = | - |3, Dy x...x D, ,0)-

1. If (2,y) €~B(G,Dyx...xD,u) With |y|p > |z|s and |y|s > 5, then there is a monotone R-chain
concatenating x and y; in particular, x =y, and if |z|g = |y|B, then & ~eq Y.

2. Additionally,
Cmon(B(GaDl X ... X DT,L) S Sup{|y|3 | (fﬁ,y) € A(NB(G,Dlx...XDT,L))v |£C‘B S |y‘B S 4}

Proof. Let |G| = 2, say G = {0,9}. By Lemma 3.4.4, we set B(G,Dy X ... X D;,1) = [0] x B with
B={SeB(G,D; x...x D,,.)|0¢fS}. Before we start the actual proof, we establish some machinery
to deal with factorizations in B and their lengths more systematically.
We set Dy = F({g}), whence A(Dy) = {g} and Z(Dy) = Dy. We define + : Dy — G by 1(g*) = kg for all
k € Z. For i € [0,r], let m; : Z(D;) — D; be the factorization homomorphism. We set D’ = Do X ... x D,.
and obtain A(D') = A(Dg)U...UA(D,). fa=ag-...-a. € D', where a; € D; for all i € [0,7], then
we set t(a) = t(ag) +e(ar ... ar) = t(ag) + ...+ t(ar). Then ¢ : D' — G is a homomorphism and
B =:71(0) C D’ is a saturated submonoid, whose atoms are given by the following assertion A1.
A1l Anelement x € Dy X -...- XD, is an atom of B if and only if it is of one of the following forms:

e z =a € A(D;) for some i € [1,7] and ¢(a) = 0.

e 1 = ajag, where a1 € A(D;), as € A(D;), for some 4, j € [0,7], i # j, and t(a1) = t(az) =

e = = aias, where ai, as € A(D;) for some i € [0,7] Such that ¢(v) = g for all v € A(D;).

We will call the atoms of the third form pure in i.

Proof of A1. By the listing of all atoms of B(G,D; X ... x D,,t) in Lemma 3.15 and the fact that
A(B) = A(B(G,Dy x ... x Dy,1)) \ {0}, we must only show the last statement in the case i € [1,r].
Suppose there are ay, az € A(D;) such that a = a1a2 € A(B). Then, obviously, ¢(a1) = t(az) = g. Now we
assume there is some v € A(D;) with ¢(v) = 0. By Lemma 3.8.2, there is v' € A(D;) such that ajas = vv/,

and then ¢(v) = 0, a contradiction. O
Let FF = Z(D') = Z(Dy) x ... x Z(D,) = F(A(D')) be the factorization monoid of D’. Then 7 =
o X ... X m. : F'— D' is the factorization homomorphism of D’. We denote by |- | = |- |r the length

function in the free monoid F, and for =, y € F, we write z | y instead of z |p y. For a € A(B),
let Og(a) € n~Y(a) C Z(D') be a factorization of a in D'. If a € A(D’), then 6y(a) = a; otherwise
0o(a) = ajas € F for some a1, as € A(D') such that a = ajas in D’. By A1, #7~1(a) = 1 unless a is pure
in 4 for some i € [1,7]. Let 6 : Z(B) — F be the unique monoid homomorphism satisfying 0|.A(B) = 6.
Then 6 induces the following commutative diagram

Z(B) -~ F =27(D")

lw l””

B D,

where mp denotes the factorization homomorphism of B and the bottom arrow denotes the inclusion.
For © € Z(B), we set |z| = |0(z)|. For x € Z(B), we define its components z; € Z(D;) for i € [0,7]
by 6(z) = x¢ ... z,. Then 7wo8(z) € B implies ¢ o mo(xg) + ... + o7 (z.) = 0. For i € [0,7], we
set T = U1 - ... -ui7kivi,1 - ...-v;,, where uw-, v;; € A(D;), t(u;;) =0, and ¢(v; ;) = ¢g. We define
af, xf € Z(D;) by o =u;q1 - ... - uk, and xf =wv;1 - ... v;y,, whence z; = iz, In particular, |z(| =0,
xo =2x(,and ¢ o m(xi) = lig = |x”\g Therefore we obtam \x |+...4+ 2] =0 mod 2. If i € [1,7] and
a € D; is such that a | 2}, then a | x. In Z(B), there is a factorlzatlon T=UL" ... UpVL - ... Upn, where
uj, v; € A(B), |u;j| =1 for all j € [1,m], |v;| =2 for all j € [1,n], and we obtain

T T
1
m= |eil, n= 52 27|, and |z|g =m+n= *Z(Ile +23]) < lezl
i=1 i=0

1=0
Assume now that t = xg ... -z, y =yo ... yr € Z(B) are as above, and suppose that (x, y) €~p. Then
Zo = Yo, |xi| = |yi| (since each D is half-factorial), m;(x;) = m;(y;) € D;, and thus com;(z;) = tom;(y;) € G,
and therefore || = |y| mod 2 and || = |y;| mod 2 for all i € [1,r]. Consequently, it follows that the
following are all equivalent:

* |25 <l|yls
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o ol < S
o Y i1 =i 1y
Additionally, we find

K T
2als =Y (lzil + [2})) = > (ly:l) > lyls,
i=0 i=0
and thus |y|g > 5 implies |z|z > 3.
Before we start with the actual proof of part 1 of Lemma 3.16, we prove the following reduction step.

A2 Tn the proof of part 1 of Lemma 3.16, we may assume that |z;| = |y;| > 2 for all i € [1,7].

Proof of A2. If i € [1,r], then |z;| = 0 if and only if |y;| = 0, and in this case we may neglect this
component. If |z;| = 0 for all ¢ € [1,r], then there is nothing to do. If ¢ € [1, 7], then |z;| = 1 if and only if
ly;| = 1, and then x; = y; € A(D;). Suppose that i € [1,7] and |z;| = 1. If ¢(z;) = 0, then z; € A(B) and
x; is a greatest common divisor of z and y in Z(B); hence (x, y) is a monotone R-chain concatenating x
and y. If o(z;) = g, then we set & = gz; 'z, § = gy; 'y, and then (&, §) € ~p, |#;| = |7i| = 0, and whenever
there is a monotone R-chain concatenating & and ¢, then there is a monotone R-chain concatenating x
and y. |

Now we are ready to do the actual proof of the lemma. Suppose that (z,y) €~p with |y|g > 5, |y|s > |z|5,
T=T0 . T, Y=Yo ... Yr, & = x5z, and y; = yly!’ as above, and |z;| = |y;| > 2 for all i € [0,7r].
We shall use A1l and Lemma 3.8.2 again and again without mentioning this explicitly. Of course, we may
assume that there is no a € A(B) such that a |z « and a | y, since then there is, trivially, a monotone
R-chain concatenating x and y. For now, assume |z|g > 4; the remaining case, where |z|z = 3, will be

studied at the end of the proof after Case 3.

Case 1. There is some ¢ € [1,7] such that |z}] > 1 and |y}| > 1.

Case 1.1. There is some ¢ € [1,7] such that |z;|" > 2 and |y| > 1.
Let a1, az, b € A(D;) be such that ajas | #} and b | y;. Then there is some ' € A(D;) such that
ajaz = bb'. Thus «(b') = 0, and if 2* € Z(B) is such that x = ajasz*, then z, bb'z*, y is a monotone
R-chain concatenating z and y.

Case 1.2. There is some ¢ € [1,7] such that |z;| = 1 and |y| > 1.
Then z} € A(B). Let a, b € A(D;) be such that a | } and b | y;. Let u € A(F) be such that au € A(B)
and au |g z. Since x} € A(D;), we obtain u ¢ A(D;). Let b/ € A(D;) be such that zia = bb’, whence
t(b') = g and b'u € A(B). If x = z}(au)z*, where z* € Z(B), then |z*|g > 1, and z, b(d'u)z*, y is a
monotone R-chain concatenating x and y.
Reduction 1. By Case 1, we may now assume that, for all ¢ € [1,r], either |z} = 0 or |y}| = 0. In
particular, if |xf| > 1, then |y;| = 0, and therefore |z}| > 2, since || = |y;| mod 2. Similarly, if |y;| > 1,
then |y;| > 2.
Case 2. There is some ¢ € [1,7] such that |y}| > 1.
In this case, |2}| = 0 by Reduction 1, hence |y| > 2 and |2| > 2. Let b € A(D;) be such that b | y;. Now
we must distinguish a few more cases based on |z|z and |y|z.

Case 2.1. |z|g = |y|s-
Note that in this case |z|s = [y[s > 5. We assert that there is some j € [1,7] \ {i} such that |y}| < [z].
Indeed, if |y}| > |2%| for all j € [1,7]\ {4}, then

T T T
STl <> W< D v,
v=1 v=1 v=1
v#i
and therefore |zs < |y|s, a contradiction. By Reduction 1, we obtain |y}| = 0. Hence [y;| > 2, and
|z| > 2. We write z in the form

x = (aquy) - ... (agug)(@r41ul) - - (appeug)(€1upg1) - - o (€sUptys)E,

where k, s, t € No, o = a1-...-app, T = ur oo Upgs, Ui, .., uf, €1, 65 € A(F) \ (A(D;) UA(Dy)),
k+t>2 and

F=(e1-...-e5) ! Hx’y H xl € Z(B).
i ere
Let ¢1, ¢2, d1 € A(D;) be such that cicz | x;-, dy | y;’, and choose do € A(D;) such that cico = dida,
whence ((ds) = g.
Case 2.1a. t > 2.
Choose some b € A(D;) such that agyijarro = bb'. Then (V) = 0, diu}, deui € A(B), and we set
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x = (ars+1ul)(ag2ul)cicor®, where x* € Z(B) and |z*|g > 1. Now z, bb'(diuf)(d2ul)x*, v is a monotone
R-chain concatenating x and y.

Case 2.1b. t = 1.
Note that |z}| = k+ 1 > 2 implies k¥ > 1. Assume first that there is some v € A(B) such that |v| = 2
and v | &, say v = v'v”, where v/, v" € A(F)\ (A(D;) UA(D,)) and ¢(v') = ¢(v"") = g. Then it follows
that a1v’, u1v” € A(B), and we set z = (ajuy)(agriv1)(v'v")z*, where z* € Z(B) and |z*|g > 1. We set
' = (a1v")(ag41v1)(wv”)2z*. Then we find 2’ € Z(B), (z,2’) €~g, and = ~q 2’. Hence, (z/,y) €~3,
¥’ Req y by Case 2.1a, and therefore x ~eq y.
Now we set uj = u, and we let m € [0, 7]\ {4, 7} be such that v € A(D,,,). We write x in the form

T I
x = (a1uy) - ... (agpug)(agriu)(e1ups1) - - - - (€sUprs) H xl,, where s+ 1= Z |z
v=1 v=0
v#i v#i,j

We may assume that |z],| = 0 for all n € [1,7]\ {m, j}. Indeed, let n € [1,7]\ {m, j} be such that |z/,| > 1.
Then |z | > 2, |y/,| = 0, and |y/| > 2. Let vy, ve, wy € A(D,) be such that vive | 2], and w; | ¥,
and choose by € A(D;) and wy € A(D,,) such that ajags1 = bby; and vive = wywse. Then ¢(b) = 0,
t(ws) = g, uywy, uwy € A(B), and if = (ayuy)(agri1u)vivez™, where x* € Z(B), then |z*|g > 1, and
x, bby (uywy ) (uws)x*, y is a monotone R-chain concatenating x and y.

Thus suppose that |2],| = 0 for all n € [1,7] \ {m, j}, and consequently

= (a1ur) - ... - (apur)(apru)(eruprr) - - .- (Estipys)Tiay,.

We assert that there exist v1, v2, v3 € A(Dp,) and wi, wa, ws € A(Dj) such that vivevs | Ym, wiwaws | y;,
t(vy) = t(wy,) = g, vyw, € AB) and v,w, |p y for all v € [1,3]. Indeed, observe that

i | = lysl = il < lysl =2 = 2| =2 =af| -2=k -1,
151 = lysl = |25| + 12| = 2+ 2| =k + 5 +2,
and set y; = y;1 ... yju, where p = |y}, and, for all a € [1, ], yjo € A(D;) and 1(yj.) = g. For
a € [1, p], let uj o € A(F) be such that y; auja € A(B) and y; ot |5 y. Since |27 > 1, it follows that

Ujo ¢ A(D;) for all @ € [1,p]. For v € [0,7]\ {5}, we set N, = [{o € [1, 4] | Yoo € A(D,}|, and we

obtain
s

T T
p=> Ny=Np+Ni+ > N, <Np+lg/l+ > lwl
v=0 v=0 v=0
=y v#igm v#igm
Since |y, | = |z, | = |z))| for all v € [0, 7] \ {i,j,m} and |«]/| > 1, it follows that

i T
k+s+2<p<Npy+k—1+ > [ <Np+k—1+ > |al|—|al|=Nn+k+s—1,
vhigm oz

and therefore IV,,, > 3, which implies the existence of v, v9, v3 and wy, wa, w3 as asserted. In particular,
it follows that |z,m| = |ym| > |y;n| > 3 and |z;| = |y;| > |yj| > 3. Let uj € A(D;) be such that
uugs1 = wjwy. Then o(u)) = g and ayu) € A(B).

Case 2.1b’. s > 1.
We assume first that |z),| > 1. Let v’ € A(D,,) be such that ' | ],. Then there exists some v € A(D,,)
such that uu’ = v1v. Hence +(v) = 0, and = = (a1uy)(ak+1u)(e1ukr1)u'z*, where z* € Z(B) and |z*|5 > 1.
Since aju} € A(B) and ag+1e1 € A(B), we conclude that z, (aju})(ag+1e1)(viwr)vz*, y is a monotone
R-chain concatenating x and y.
Assume now that |z}, = 0. Then |z,| = |z,,] > 3, and (after renumbering if necessary) we may
assume that e; € A(D,,). Let v € A(D,,) be such that ue; = vyv. Then v(v) = g, ar+1v € A(B) and
x = (aqu1)(ag+1u)(e1ukr1)x*, where * € Z(B) and |z*|z > 1. Hence z, (a1u})(ak+1v)(viwr)x*, y is a
monotone R-chain concatenating x and y.

Case 2.1b". s =0.
We assert that k& > 2. Indeed, assuming to the contrary that k = 1, then z; = 2} = a1az, 7] = w1, uy;, = u,
3< |zj| =1+ |2}, 3 < |wpm| = 14 |y, ], hence |2] > 2, |27,| > 2, and therefore |y}| = [y;,| = 0. Hence

Dol =1yl <lyil =2 and Y |a)| = |af] + |2, | = 4,

v=1 v=1
a contradiction to |z|g = |y|g.
As k > 2, it follows that us € A(D;), hence uav1 € A(B), and we choose by € A(D;) such that ajas = bbs,
whence ¢(b2) = 0. Since 3 < |z,,| = 1+ |z),|, we get |z,] > 2, and there exist v}, v5 € A(D,,) such that
vivh | 2, Let v € A(D,,) be such that vjvh = viv. Then t(v) = g and uyv € A(B).
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Assume first that k > 2, and set z = (aju1)(aguz)vivhe*, where z* € A(B) and |z*|g > 1. Then
ugvy € A(B), and therefore z, bby(uiv)(ugv1)z*, ¥ is a monotone R-chain concatenating = and y.
Case 2.1c. t = 0.

Observe that |z/| =k > 2 and = = (ajuy) - ... (apur)(€1tgs1) - ... - (€stpts)T. We may assume that
there is no v € A(B) such that |[v| = 2 and v | Z. Indeed, if v € A(B) is such that |v| = 2 and v | Z.
Then v = v'v”’, where v/, v" € A(F) \(.A( i) U A(Dj)), () = 1(v") = g, and azv’, ugv” € A(B). We
set © = (alul)(agug)(v'v”) , where z* € Z(B), and 2’ = (alul)(agv )(ugv”)z*. Then it follows that
' € Z(B), (z,2'") € ~p and & ~eq . Hence (2/,y) € ~g, 2’ ~eq y by Case 2.1b, and therefore x ~veq y.
Next we prove that there is some n € [1,7] \ {j} such that |x | > 1. Assume the contrary. Then
11

= (aguy) - ... (apug)(ertpsr) - - .- (eéukﬂ) Th, Tp=a) =apc..cag, T =upc ... Ugys, and

H -
V#h]

Moreover, we obtain |y'| = |y;| — |y;| < |zi] =2 = |2]| =2 = k=2 and |y]| = |y;| = 2| +|2]| > 2+ k+s.

We set v = yj1 ... yju, where u = |y}, and, for all a € [1, 4], yjo € A(D;) and i(y;a) = g. For

ac(lpl,let ujq € .A( ) be such that y; auj.o € A(B) and y; o)« |5 y. Since |27 > 1, it follows that

Ujo ¢ A(D;) for all @ € [1,p]. For v € [0,7]\ {5}, we set N, = [{o € [1, 1] | Yo.a € A(D,}|, and we

obtain
24 k+s < p = ZN <Z|y < |+Z|yy|—|y leul < k-2+s,
=0
1/76] V;é] V?fl 7 Vy?él J

a contradiction.
Thus now let n € [1,r] \ {j} be such that |z],| > 1. Then |z} | > 2, |y,| = 0 and |y)/]| > 2. Let
vy, v, wy € A(D,) be such that vivy | ), w | ¥/, and choose some x5 € A(D,,) such that vivy = wiws.
Then = = (a1u1)(agug)vivex®, where z* € A(B) and |z*| > 1. Let by € A(D;) be such that ajas = bba,
whence t(bg) = 0. Then x, bba(ujwi)(usws)x*, y is a monotone R-chain concatenating x and y.

Case 2.2. |y|g > |z|s + 1, and we are in the following special situation.

S1 There exist a1, ay € A(D;) and uy, ug € A(F) \ A(D;) such that ajuy, agus, ujus € A(B) and
(ar1ur)(agusg) | .

We set x = (a1u1)(agug)z*, where z* € A(B) and |z|g > 1, and we let b’ € A(D;) be such that a;as = bV,
whence ¢(b') = 0. Then x, bb' (uju2)x*, y is a monotone R-chain concatenating x and y.

Case 2.3. |yl = |z|s + 1, and we are not in the special situation S1.
We set o/ =ay -...-ax, where ay,...,a; € A(D;) and k > 2. For v € [1, k], let u, € A(F) be such that
ayu, € A(B) and (ajuq) - ... (arug) |g z. Since |yi| > 1 and we are not in the special situation S1, there
exists some j € [1,7]\ {i} such that uy - ... ug | 2. Suppose that =7/ = wuy - ... upys, where s € Ny, and
let ¢1,...,¢s € A(F)\ (A(D;) UA(Dy)) be such that = (a1uy) - ... (agug)(crugs1) - - .- - (csupts)E for
some & € Z(B).
We may assume that there is no v € A(B) such that |[v| = 2 and v | Z. Indeed, suppose that v € A(B) is
such that [v] = 2 and v | Z. Then v = v'v", where v/, v" € A(F )\(A(Di)UA(Dj)), 1(v") =(v") = g, and
agv’, ugv” € A(B). We set © = (alul)(agug)(v'v”)x , where z* € Z(B), and 2’ = (ajuq)(agv’) (ugv”)x*.
Then it follows that 2’ € Z(B), (z,2") €~p and z ~eq . Hence (2/,y) €~p, and, by Case 2.2, there is a
monotone R-chain concatenating x’ and y, and therefore there is a monotone R-chain concatenating x
and y.
Hence z is of the form

x = (ajuy) - ... (apug)(crugsr) - .- (Csuprs)) oo 2,

and we assert that there exists some m € [1,7] \ {j} such that |2],| > 2. Indeed, if we assume to the
contrary that [z7,| = 0 for all m € [1,7]\ {j}, then we obtain |z| = 2(k+s) + |2, and since |y|5 = |z[s+1,

it follows that
Yol =)o+ 2= e +2.
v=0 v=0

If [y;| > 1, then we find |2| = 0 and [y}| > 2, and therefore

s
A<+ 1wl <Dl =2,
v=0
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a contradiction. Hence it follows that |y;| = 0, and then |y}| = |y;| = |z;| = k + s + |2|. Now we find

Z\y | <yl =1lyf| = il < |2l = (k+s+]af)) -2 =k +s -2 <[yj] -2

V#J
We set y7 = yj, - ... yju, where p = |y/| and, for all a € [1, 4], yjo € A(D;) and 1(yja) = g. For
a € [1,u], let ujqo € A( ) be such that y;qujo € A(B) and y; 4 |8 y. For v € [0,7], we set
N, =#{a €[, 1] | Yv,a € A(D,)}, and we obtain

0<Z|y | <Wfl-2=) N, -2
v=0

V75]

and therefore N; > 2. Hence, there exist w, we € A(D;) such that ¢(w1) = t(w2) = g and wiwy € .A( )
On the other hand urug ¢ .A( ), since we are not in the special situation S1, and therefore ujus = ufjul,
where ), uy € A(D;) and ¢(u}) = t(uy) = 0. Hence the existence of wiws € A(B) contradicts A1l.
Let now m € [1,7] \ {j} be such that |z],| > 2 and let b’ € A(D;) be such that a;as = bb’. By Reduction
1, we obtain |y/,| = 0, hence |y} | > 2, there exist v/, v" € A(D,,) such that v'v" | 2/, and there exists
some u’ € A(D,,) such that «’ | yl.. Let v’ € A(D,,) be such that v'v"” = w'u”, whence ¢(u"”) = g, and set
x = (aquq)(agug)v'v"z*, where z* € Z(B). If |x|g = 4, then x = (alul)(aqu)v/ " and thus y = y;y}y,,,
where |y;| = [y}| = |y,,| = 2, and thus there is a pure atom in m dividing y. Since v, v" € A(Dy,) and
t(v") = ¢(v") = 0, this contradicts A1l. Now we may assume |z|g > 5. Then we have |x*|g > 1 and it
follows that uyu', ugu” € A(B), and x, bb' (uyu’)(ugu)a*, y is a monotone R-chain concatenating x and
Y.

Case 2.4. |y|p > |z|s + 2, and we are not in the special situation S1.
Let a1, a2 € A(D;) be such that ajas | 2. Since |y| > 0, there are ui, uz € A(F) \ A(D;) such that
ajuy, aguy € A(B) and (aju)(aguz) |g z. We set © = (ajuq)(aguz)x*, where z* € A(B) and |z*| > 1,
and ujus = v1v for some vy, vy € A(D;) such that t(v) = t(v2) = 0. Again we set ajas = bb’, where
b € A(D;) and «(b') = 0, and then z, bb'vyvex*, y is a monotone R-chain concatenating x and y, since
uls > lals +2 = |*] + 4.
Reduction 2. By Case 2, we may now assume that |y;| = 0 for all ¢ € [1,r], and since |z|g < |y|g, this
implies that |z}| = 0. Therefore || > 2 and |y}'| > 2 for all ¢ € [1,r]. Since x{ = zo = yo = Yy, we have
x; = ) for all i € [0,7].
Case 3 x; =,y =y, and |z;| = |y;| > 2 for all ¢ € [0, r].

Case 3a. There is some i € [0, 7] such that

T

Z |zy| < |zl [and thus also Z lyy| < |yz|1
v=0 v=0

v#L v#L
There exist a1, as, b1, ba € A(D;) such that ajas € A(B), biby € A(B), a1as |g x, and bibs |5 y. Let
b € A(D;) be such that ajas = b1b. Since 5 < |z|p < 2|z} | = 2|x;|, there exists some a,, € A(D;) such
that ajasas | ;. Let ¢ € A(F) be such that age € A(B) and asc |p =, and let by € A(D;) be such that
bag = babs. If & = (b1b)(asc)z™, where z* € A(B) and |z*|5 > 1, then x, (b1b2)(bsc)x*, y is a monotone
R-chain concatenating = and y.

Case 3b. For all i € [0, 7], we have

Z |z, | > |4 [and thus also Z lyn| > Ile]

v=0 v=0
v#i v#£i

We shall prove the following reduction step.
R1 We may assume that, for each i € [0, 7], there is no pure atom in ¢ dividing either x or y in B.
Proof of R1. Let & € Z(B) be such that (z,Z) €~g,  =cq , and the number of pure atoms dividing

Z is minimal. Assume there is at least one pure atom in i € [0,r] dividing %, say ajas € A(B) with
ay, az € A(D;) and ajas |p Z. Now we find

Z 1T, > |24 — 2,

1/751

and thus there are ¢1, o € A(F) \ A(D;) with cico € A(B) and cico |g &. If T = (a1a2)(c1c2)x™®, where
z* € A(B) and |z*|g > 1, then we set 2’ = (ai¢1)(azc2)z*. Now we find (Z,2') €~p and & ~eq 2/, and
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thus  ~¢q 2’. Since there is one pure atom less dividing 2’ than Z, this is a contradiction.

The same argument applies to y. Therefore there exist &, § € Z(B) both not divisible by any pure atom
such that (x, %), (y,9) €~B, T Neq &, and y ~eq §. Hence it follows that (Z,§) €~p and if & ~eq 7, then
T Req Y- ]

Next we prove the following reduction step.

R2 We may assume that, for each i € [0, 7], x; = y;.

Proof of R2. Trivially, we have ¢ = yo. Now let i € [1,7]. We assert that there is some & € Z(B8) such
that (x,%) €~g, & Req &, and z = ged(F;,y;) (in F) is maximal. Now assume that #; = 2% and y; = 2%/,
where Z, 2/ € Z(D;) and |Z| = |Z| > 1. If || = |Z'| = 1, then there are some v, v' € A(D;) such that Z =v
and z' = v’. Now we find
mi(2)v = m(22) = mi(%) = mi(ys) = m(22") = m(2)0,

and thus v = v’. But then ged(Z;,y;) = vz, a contradiction. If |Z| = |2'| > 2, then there are a;, as, b €
A(D;) with ajas | Z; and b | y;. By R1, there are ¢, co € A(F) \ A(D;) such that ajc1, ascs € A(B) and
ajcy, ascs |p x. There is some b’ € A(D;) such that ajas = b'b. If & = (ajc1)(azcz)x*, where a* € Z(B)
and |z*|g > 1, then we set & = (beq) (V' ce)z* and find (Z,%) €~p and & ~eq T, and thus x ~eq T. Since
bz = bged(Zy, i) | ged(Z;,y;), this is a contradiction. O

Now we fix—again arbitrarily—some 4 € [0,7] and choose a € A(D;) such that a | /. Then a |y, too.
By R1, there are ¢, d € A(F) \ A(D;) such that ac |g « and ad | y. Again by R1, there are e, f € A(F)
such that de |p = and cf |5 y.

Then z and y are of the following forms

x = (ac)(de)z™ and y = (ad)(cf)y",

where z*, y* € Z(B) and |z*|5 = |y*|g > 1.

Case 3.b’. ce € A(B).
Then z, (ad)(ce)z*, y is a monotone R-chain concatenating x and y.

Case 3.b” df € A(B).
Then z, (ac)(df)y*, y is a monotone R-chain concatenating x and y.

Case 3.b"” We are neither in Case 3.b' nor in Case 3.b”, and thus there are ji, jo € [0,7] \ {i}
with ji # j2 such that ¢,e € A(Dj,) and d, f € A(Dj,). Then ae, af, cd € A(B) and hence
z, (ae)(cd)x*, (af)(cd)y*, y is a monotone R-chain concatenating x and y.

Now it remains to prove the special case, where |z|g = 3. By the length formulas from the beginning
of the proof, we find that |y|g € {5,6}. If |y|g = 5, then the length formulas imply that that there is
some ¢ € [1,r] such that |2}| = 1 and |y;| > 1, and thus we are in the situation of Case 1.2. When we
inspect the monotone R-chain constructed there, we find that the same monotone R-chain concatenating
x and y exists in our situation. If |y|s = 6, then we find that |2}| = 0 and |y| = 0 for all i € [1,7]. Since
6 = |y|g > |z|g +2 = 5, we are either in Case 2.2 or in Case 2.4. Again we inspect the monotone R-chains
constructed there and we find that the same monotone R-chains concatenating x and y exist in our special
situation.

Now it remains to show part 2. By [21, Lemma 3.4], we have

Cmon(B) < sup{|y| | (z,y) € A(~B,mon), there is no monotone R-chain from x
to y, and either |z| = |y| or |z|, |y| € L(7g(x)) are adjacent}.

By part 1, there is a monotone R-chain concatenating x and y for all (z,y) €~p with |y|g > 5 and
lylg > |x|p. Thus it suffices to consider relations (x,y) €~p with |z|s < |y|s < 4. By definition, we have
{(z,y) € A(~p) | |z|s < lyl} C A(~B,mon)- Since the shortest possible atom (z,y) € A(~p) \ A(~B,mon)
satisfies |z|g > |y|g > 2, we find |zy|g > 5. Hence, we may restrict to elements of A(~p), and the
assertion follows. O

Using Lemma 3.14.4, Lemma 3.15, and Lemma 3.16 above, we can now calculate the catenary degree
and the minimum distance (when |G| = 2), and in a slightly more special but still interesting situation,
we can compute the elasticity, the monotone catenary degree and the tame degree.

Proposition 3.17. Let D be a monoid, P C D a set of prime elements, r € Ny, s € No, r+s>1, and
let D; C [ps] X l/)\ix = D; be reduced half-factorial but not factorial monoids of type (1,k;) forie [1,r+ ]
withki=...=k-=1and kyy1 =... = ks =2 such that D = F(P) x Dy X ... X Dyys. Let H C D be
a saturated submonoid, let G = q(D/H) be its class group with |G| = 2, say G = {0, g}, suppose each
class in G contains some p € P, and define a homomorphism ¢ : Dy X ... X Dyys — G by u(t) = [t|p/u-
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Furthermore, set I = {i € [1,r+s] | (U1 (D;)0)*> N (U1(D;)g)* # 0} and J = {i € [r+ 1,7+ s] | ¢(D;) = 3}.
Then
If 1=J=0, then H is half-factorial and c(H) = 2.
IfI=0and J#0, then c(H) € {2,3}, and A(H) C {1}.
If #1 =1, then p(H) > 3, ¢(H) =3, and A(H) = {1}.
If #1I > 2, then p(H) =2, c(H) =4, and A(H) = {1,2}.
If s =0, then cmon(H) = c(H). Additionally, if #1 =1, then p(H) = %
6. If s =0 and v(p;) = 0 for alli € [1,r], then H is half-factorial if and only if t(H) = 2.
In particular, min A(H) < 1 always holds.

CU o=

Proof. We set B={S € B(G,D1%x...XDy1s|0¢tS}. By Lemma 3.4, H and D are reduced BF-monoids,
and H C D is a faithfully saturated submonoid. By Lemma 3.4.4, we obtain A(H) = A(B), p(H) = p(B),
c(H) = c(B), and cmon(H) = cmon(B). Lemma 3.14.1 implies ¢(D) < 3, and, by Lemma 3.14.4, we obtain
c(B) =c(H) <4.

By [20, Proposition 14.1], we obtain c(B) < sup{|y|s | (z,y) € A(~g), and since c(B) < 4, it follows that

c(B) < max{|y|s | (z,y) € Al~p), |25 < |yls < 4};

indeed we can replace the supremum with a maximum since we have a bounded set of integers on the
right hand side.

If (z,y) € A(~g), then (z,y) = (u1 - ... ug,v1 - ... vy), where k = |z|g, | = |y|p, and u;, v; € A(B)
for all i € [1,k] and j € [1,]]. In this case, we call the atom (z,y) of type (k,l) and describe it by the
defining relation wy - ... - ugy = vy -...-v; in B. Now the equation from above reads as follows:

c(B) = max{|z|g | (z,y) € A(~g) is of type (k,[), where 2 < k <[ < 4}.
Hence we proceed with a list of defining relations for all atoms of type (k,1), where 2 < k <1 <4. An
atom will be called of character C € [1,15] if it is defined by the relation (3.1.C) in the list below.
Let i, j € [1,r+ s],4 # j. Then
(3.1) 9 (pipicic;) = (picig) (ps€;9)
describes an atom of type (2,2) if and only if ¢; € Ui (D;), €; € U1(D;), and v(p;e;) = t(pje;) = ¢;

1 2) (2 1 1 (2
(3:2) (ripgel ) oimseM ) = (el el Vel)
describes an atom of type (2,2) if and only if ¢(p;e; ( )) = 1(pie f )= L(pjeé )) U(pje (2)) —g ¢ (1) (2) ¢
ul( i)L(pi)’ and 6 ¢ ul( )L(pj)’

(3.3) g (pierea) = (pie1g)(pic2g)

describes an atom of type (2,2) if and only if either &1, e2 € Uy (D;)o, €162 ¢ (U1(D;)4)?, and t(p;) = g or
£1, €2 € L{l(Di)g, E1E9 ¢ (ul(Di)g)z, and L(pi) =0;

(3.4) (pie1)(pie2) = (pim) (pinz)

describes an atom of type (2,2) if and only if €1, €2, 1, 72 € Us(D;), t(ps) = t(e1) = t(ea) = t(m) = t(n2),
and e1€2 = 1172;

(3.5) (pic19)(Pic29) = (Pimg)(Pin2g)

describes an atom of type (2,2) if and only if €1, €9, n1, 52 € U1 (D;), t(pic1) = t(piea) = tlpim) =
Upinz) = g, and €162 = qina;

(3.6) (pie1)(Pic2g) = (pim)(pin29)

describes an atom of type (2,2) if and only if €1, €2, m, 72 € Ur(D;), t(pi) = t(e1) = tlm), t(pie2) =
upin2) = g, and €162 = Mi72; and

(3.7) (pie19)(pig29) = (pim) (Pin2)g”

describes an atom of type (2,3) if and only if €1, €2, 51, 12 € U1 (D;), €162 = mna, t(pic1) = t(pic2) = g,
and «(pim) = t(pimz) = 0. If these conditions are fulfilled, then 12 € Uy (D;)§ NUL(D;)Z and therefore
i € I. Conversely, if i € I, then Uy(Dy)g NUL(D;)Z # 0. If u(p)) = g, let 1, &2 € U(D;)o and
M, N2 € U1(D;)g be such that e1e0 = mma. If o(pi) = O, let €1, g2 € Us(D;)y and 11, n2 € Us(D;)o be
such that 169 = m172. In any case, (3.7) holds.

Now let i € I, j € [1,7 + s], and i # j. Then

(3.8) (pipsetV e pipsele?) = (pint ) (pin'?) (p2elVel®)
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describes an atom of type (2, 3) if and only if 5 ,62(-2),771(1),77(2) e U (Dy), §1)7 £; ) e Ui (D;y), (1)652) =

W, ) = ope®) = eel) = ) = g, o) = elpin®) = 0, and I ¢
Ui ( j)L(pj). If these conditions are fulfilled, then 6(1)8(2) € U (D)3 NUy(D;)? and therefore i € 1.

7 g
However, if ¢ € I, then a relation (3.8) need not hold, since we cannot guarantee that there exist

(1), 5(2) € U1 (D;) such that 5(1) (2) ¢ Uy (D )?(pj).
Nowletz jeIlandi#j. Then
1 2) (2 1 2 1 2
(3.9) (pipje e (pipsel?el?) = (pmf Do) M) omS?)
describes an atom of type (2,4) if and only if 5 ,s( ), ( ), 771( ) ¢ U (D;), g ), 6§2), nj(l), 7752) €

Z/[l( ) (1)

'L

V= g, e = DBy (petVy = L(pz & = piel?) = wpel’) = g, and

o2
(pmZ ) L(pﬂ]z ) = u(pje 5)) = L(pjr]](» ) = 0. If these conditions are fulfilled, then 5(1) 2 ¢

Z

Ur(Di)g NUL(D;)2 and 551)55»2) € Uy(Dy)g NU(Dy)Z, and therefore 4, j € I. Conversely, if 4, j € I,
then a relation (3 9) holds (see the arguments for (3. 7)) Let i € J, &1, €2, €3, n1, 12, n3 € U1(D;), and
cp, ((pie1)(pie2) (pies), (pim) (pinz) (pinz)) = 3. Then

(3.10) (pie1)(pic2) (pics) = (pim) (pin2) (Pin3)

describes an atom of type (3,3) if and only if ¢(p;) = t(e1) = t(e2) = t(ez) = t(n1) = t(n2) = t(n3);

(3.11) (pie1)(pie2)(Piesg) = (pim)(pin2) (Pinsg)
describes an atom of type (3, 3) if and only if ¢(p;) = t(e1) = t(e2) = ¢(m1) = t(n2) and v(pies) = t(pins) = g;
(3.12) (pierea)(pies) = (pim) (pina) (ins)

describes an atom of type (2,3) if and only if e1e2 ¢ (U1(D;)o)? N (U1(D;),)?, t(pic1) = t(pica) = g, and
u(pi) = e(er) = e(m) = (n2) = v(n3);

(3.13) (pfe1e2)(piesg) = (pim) (pin2) (Pinsg)

describes an atom of type (2,3) if and only if 169 & (U1 (D;)o)*N(UL(D;)g)?, t(pic1) = t(pie2) = t(pies) =
upinz) = g, and ¢(p;) = v(m) = e(n2);

(3.14) (pierea)(pics) = (Pimn2) (pins) ,

describes an atom of type (2,2) if and only if g1, e & (U1(D;)o)? N (U1(D;)g)?, tipier) = t(pie2) =
vpim) = v(pinz) = g, and u(p;) = u(e3) = 1(n3); and
(3.15) (piere2)(piesg) = (pimn2) (pisg)
describes an atom of type (2,2) if and only if e1e2, mne & U1(D;)o)*N (U (D;)4)?, and t(pie1) = t(pica) =
Upies) = tpim) = tpin2) = L(pinz) = g
Now we can do the actual proof.
1. If I = J = 0, then only atoms of characters [1,6] exist, and they are all of type (2,2). Hence, we
obtain ¢(H) = ¢(B) = 2, and thus H is half-factorial.
2. If I =) and J # (), then there are atoms of characters [1,6] U [10,15], and they are of types (2, 2),
(2,3), and (3, 3). Hence, it follows that c(H) € {2,3} and A(H) C {1}.
3. If #I = 1, then atoms of characters [1,7] exist, and atoms of characters {8} U [10, 15] might
exist. The atoms of characters [1,7] are of types (2,2) and (2,3), and the atoms of characters
{8} U [10,15] are of types (2,3), (3,3), and (2,2). Thus we have p(H) > 2 and c¢(H) = 3, and
therefore A(H) = {1} by [12, Theorem 1.6.3].
4. I #1 > 2, then atoms of characters [1, 7)U{9} exist and possibly also atoms of characters {8}U[10, 15]
exist, and they are of types (2,2), (2,3), and (2,4). Thus we find c(H) =4, {1,2} C A(H), and
p(H) > 2. Since p(H) < 2 by Lemma 3.14.4, we obtain the equality p(H) = 2 and, by [12, Theorem
1.6.3], we find A(H) = {1,2}.
5. Let s =0. If I =}, then H is half-factorial by part 1, and thus cyen(H) = ¢(H) by [21, Lemma
4.4.1).
If #1 = 1, then atoms of characters [1, 7] exist, and atoms of character 8 might exist. The atoms
of characters [1,7] are of types (2,2) and (2,3), and the atoms of character 8 are also of type (2, 3).
By Lemma 3.16.2, we have cpon(H) = cmon(B) < 3. By part 3, we find 3 = ¢(H) < cpmon(H), and
thus cpon (H) = 3.
It remains to show that p(H) = p(B) = 2. By part 3, we have p(H) > 3. Thus it suffices to
show that p(H) < 2. Now let (z,y) €~p with |y|z > |z|g. Then there is a monotone 3-chain
concatenating x and y, say x = 29, 21,...,2, =y With 21,..., 2, € Z(mg(z)) and n € N. Whenever
|zi—1|B < |zi| for some i € [1,n], then d(zl 1,%) =3 and there is an atom (z}_;, 2}) € A(~pg) of
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character 7 or 8 such that z;_1 = d;2z/_, and z; = d;z}, where d; = ged(z;—1,2;). Since atoms of
both characters replace two very special atoms in A(B) (on the left side) by three different atoms
(on the right side) and there is no atom of character = € [1, 6], which generates the first special
atoms, there are at most |z|g such steps, and thus |y|z < 3|z|g, which proves p(H) < 3.

If #1 > 2, then atoms of characters [1,7] U {9} exist, and possibly also atoms of character 8
exist. The atoms of characters x € [1,7] U {9} are of types (2,2), (2,3), and (2,4), and the atoms
of character 8 are of type (2,3). By Lemma 3.16.2, we have cion(H) = Cmon(B) < 4 and, by part
4, we obtain 4 = ¢(H) < cmon(H ), and thus cpon(H) = 4.

In order to finish the proof, we need an additional Lemma.

Lemma 3.18. Let D be a monoid, P C D be a set of prime elements, r € N, and let D; C b\l = [pi] X EX
be reduced half-factorial monoids of type (1,1) for all i € [1,7] such that D = F(P) x Dy X ... X D,.
Let H C D be a saturated submonoid, let G = q(D/H) be its class group with |G| = 2, say G = {0, g},
suppose each class in G contains some p € P, and define a homomorphism v : D1 X ... x D, — G by
u(t) = [t]p/m. Furthermore, let B(G, Dy X ... x Dy,1) be the (Dy X ... x D,)-block monoid defined by ¢
over G and suppose B is half-factorial but not factorial.

Then t(H) = t(B) = 2.

Proof. Throughout the proof, we write B = {S € B(G,D1 x ... x D;14,t) | 015} as in Lemma 3.4.4. By
Proposition 3.17.1-4, we find that {i € [1,7] | (U1(D;))o N (U1(D;))g # 0} = 0, and thus L(D\ix) = {0} for
all i € [1,7]. Now let h € H, z € Z(h), and a € A(H) be such that a | h. Then we prove that d(z,z’) <2
for some 2’ € Z(h) NaZ(H). We may assume that a t z. We find that z is of the following form:

s=qoa@Vd?) @M h

o tm,
where q1,. .., qx, q§ )7 q§ )w-wa(l), ql(Q) EP, [(Z1]D/H =...= [Qk]D/H =0, [q§1)]D/H = [QEQ)]D/H ... =

[ql(l)]D/H [ql( )]D/H =g,and t1,...,tym € A(D1 X...xD,). Now we have the following three possibilities

for a:

a=q with ¢ € P and [¢]p/g = 0, or

a= q(l)q(Q) with q(1) and q@) €P, [(j ]D/H — [q( )]D/H =g, or

a=u with v € A(D;) for some i € [1,7].
We proceed case by case. Let a = ¢, where ¢ € P and [¢]p;g = 0. Since qi,...,qx, qgl), qg ), .. .,ql(l)7
ql(Q) € P are prime in D and since [q]p/g = 0, we find ¢ € {q1,...,qx}. Thus a = ¢ | z, a contradiction.

Let a = ¢Mg®, where ¢V, ¢ € P and [q(l)]D/H [q? )]D/H = g. By the same arguments as before,
we find g, g® 6 {q(l),qf), e ,ql(l),qlz)} Since a 1 z, there is no i € [1,1] such that without loss of
generality q\/) = q ) for Jj = 1,2. Thus there are i, j € [1,{] with ¢ # j such that without loss of generality

gV = qg ) and q? = q](» ). Now we find the factorization 2’ € Z(h),
s=l
d=aq @V d) @) T @ d® )t
s=1s#1,j

such that d(z,2’) = 2 and a | 2. Lastly, we consider the case a = u with u € A(D;) for some i € [1,7].
Then there are uq,...,us € A(Dy X ... x D,) such that

tiovo ity =wuur ..o Uy and dpy s xp,. (b1 oo b, uug - o ug) < 20

Now we find a factorization 2z’ € Z(h) by setting

7= qr ... qk(q§ )q§2))

and d(z,2") < 2 follows. O

2
o (qVa?)

UuUy * ... U,

6. Let s =0 and ¢(p;) = 0 for all ¢ € [1,r]. If H is not half-factorial, then c¢(H) > 3 and therefore
t(H) > 3. Otherwise, if H is half-factorial, then c(H) = ¢(B) = 2, and therefore I = () by points 1-4.
Thus ¢(u) = ¢(p;) = 0 for all u € A(D;) and i € [1,7], and any a € A(B) is either of the form
a = g% or a = u with u € A(D;) for some i € [1,r]. Since, by Lemma 3.8.2, t(D;) = 2 for all
i € [1,7], we have t(B) = 2. Now the assertion follows by Lemma 3.18. O

The following example shows that the very special structure of D in the hypothesis of Lemma 3.18—in
terms of Example 3.19, the structure T—is definitely necessary for the assertion of Lemma 3.18 to hold.
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Example 3.19. Let P be a set of prime elements and let 7" be an atomic monoid such that D = F(P)xT.
Let H C D be a saturated submonoid with class group D/H = C5 such that each class in Cy contains
some p € P. Let v : T'— Cy, t +— [t|p/g be a homomorphism and B(Ca, T, ¢) the T-block monoid over C
defined by ¢. Furthermore let t(B(Cs,T,¢)) = 2.

This situation does not imply t(H) = 2.

Proof. We write Cz = {0, g} and we set B = B(C2, T, ¢) and denote by 3 : H — B the block homomorphism
of H and by 8 : Z(H) — Z(B) the canonical extension of the block homomorphism.

By definition, it is sufficient to prove t(a,v) > 3 for some a € H and some v € A(H). Let a € H and
ve A(H).

We have the following four types of atoms of H which are not prime:

v =pip2 with p1, p2 € P and [p1]p g = [p2lp/n =9
v = pt withpe P, t € T and [p|p,g = [tlp/ag =g
v =tito with ¢y, to € A(T) and [t1]p/g = [t2]lp/a =9
v=t with t € A(T) and [t]p/g = g

Let z € Zy(a). Without loss of generality, we may assume that no prime element divides a. Then z is of
the following form:

z=(pip2) -+ (Pr—1p)(Pry181) -+ (Pramsm) (B1t2) - (Fnoatn)ur - oo U

Let v = ¢q1¢2 be of the first type. Since all p € P are prime in D, we find 4, j € [1,] + m] such that p;, = ¢
and p; = q2. Assume ¢ =1+ 1 and j =+ 2. Then we find

2 = (pry1piv2) (prsy) (pas2) (p1p2) ' (Dryast) ™ (Dryas2) ™ 2.
Thus d(z,2') = 3. If we apply /3 to 2/, we find

B(z') = g*(gs1)(g52)(9*) " (g51) " (g52) "' B(2) = B(2),
and thus d(3(z), 3(z")) = 0. O

Corollary 3.20. Let D be an atomic monoid, P C D a set of prime elements, r € N, and let D; C [p;] X

b\ix = D; be reduced half-factorial monoids of type (1,1) foralli € [1,r] such that D = F(P)xDyx...XD,.
Let H C D be a saturated atomic submonoid, G = q(D/H) its class group, and suppose each class in G
contains some p € P.
Then the following are equivalent:

4 Cmon(H) < 2.

e c(H)<2.

e H is half-factorial.
If, additionally, [pilp/z = Op g for all i € [1,r]—in particular, this is true if |G| = 1—then the following
s also equivalent:

o t(H) <2.

Proof. By Lemma 3.14.3, |G| > 3 implies ¢(H) > 3 and thus that H is never half-factorial. Thus we have
|G| < 2. If |G| = 2, then the assertion follows by Proposition 3.17. If |G| = 1, the assertion follows by
Lemma 3.14.2 and Lemma 3.14.1. O

Lemma 3.21. Let O be a locally half-factorial order in an algebraic number field.

Then there is a monoid D, a set of prime elements P C D, r € N, and reduced half-factorial but not
factorial monoids D; C [p;] X l/)\ix = D; of type (1,k;) with k; € {1,2} for all i € [1,r] such that
D=FP)x Dy x...xD,, T*(0) = D, Or,y C D is a saturated submonoid, Pic(O) = q(D/Op.4) is its
class group, and each class contains some p € P.

If, additionally, all localizations of O are finitely primary monoids of exponent 1, then k; = 1 for all
iel,r].

Proof. Let O be an order in an algebraic number field and suppose Z* (0) is half-factorial. We set O for
the integral closure of O and set f = (0 : 0), P ={pec X(O0) |p 2}, P* ={p € X(O) | p D f}, and

T =[] (Op)rea.
peP~
By [12, Theorem 3.7.1], we find that P* is finite, Op,, C F(P) x T is a saturated and cofinal submonoid,
Pic(0) = C,(0) = (F(P) x T)/Oy.4, and, for all p € X(O), Oy is a finitely primary monoid of rank sy,

where s, is the number of prime ideals p € X(O) such that pN O = p. For p € P*, the local domain O, is
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not integrally closed, hence not factorial, and therefore the monoid (O ).eq is not factorial either. Since
Z*(0) = [Ipex(0)(Op)rea by [12, Theorem 3.7.1], we find, for all p € X(0O), that Oy is half-factorial, and
thus, by the additional statement in Lemma 3.8.1, Oy is a half-factorial monoid of type (1,kp), where k,
is the rank of OF. By [18, Corollary 3.5], we find k, < 2. Now we set D; = (O;)red for some p € P* such
that T'= D; x ... x D, and we set P = P. By [12, Corollary 2.11.16], every class contains infinitely many
primes p € P. Since, by the above, k; is the exponent of D; for all ¢ € [1, ], the additional statement is

obvious. O

The final proof of the main theorem.

Final proof of Theorem 1.1. By Lemma 3.21, there is a monoid D, a set of prime elements P C D, r € N,
and reduced half-factorial but not factorial monoids D; C [p;] x D\ix = D; of type (1,k;) with k; € {1,2}
for all ¢ € [1,7] such that D = F(P) x Dy x ... x D,, IT*(0O) 2 D, O, C D is a saturated submonoid,
Pic(O) = q(D/Oz,4) is its class group, and each class contains some p € P.
1. If | Pic(O)| = 1, then the assertion follows by Lemma 3.14.2.
2. If | Pic(O)| > 3, then the assertion follows by Lemma 3.14.3.
3. If | Pic(O)| = 2, then p(O) < 2 and 2 < ¢(O) < 4 follow by Lemma 3.14.4. If, additionally, all
localizations of O are finitely primary monoids of exponent 1, then, by Lemma 3.21, we have
k; =1for all i € [1,r]. If k = 0, then we are in the situation of Proposition 3.17.1, and thus O is
half-factorial, c(O) = 2, and A(O) = 0. If k > 2, then we are in the situation of Proposition 3.17.4,
and thus p(0) = 2, c(O) = 4, and A(O) = {1,2}. If k = 1, then we are in the situation of
Proposition 3.17.3, and thus p(0) > 2, ¢(0) = 3, and A(O) = {1}. Since k; = 1 for all i € [1,r],
we may use Proposition 3.17.5. Thus we find p(O) = 2 if k = 1 and cpon(O) = c(O) in all cases.
Putting all this together, we obtain the formulas in the assertion. The equivalence of the four
statements follows by Corollary 3.20.

In particular, in all situations, we find min A(O) < 1. O

4. CONSEQUENCES AND REFINEMENTS OF THE MAIN THEOREM

In the case of quadratic and cubic number fields, we can do even better. First, we recall and reformulate
a definition and the key result from [18].
Let O be an order in an algebraic number field and p € X(0O). Then we call O, a local order. Now let O,
be a local order such that its integral closure in is local too. Now we fix the following notations. We
denote by m respectively m the maximal ideal of O, respectively Oy, by k = Op/m and k = O, /m the
residue class fields, and by 7 : in — k the canonical homomorphism. For a prime p € in and ¢ € N, we
set

Uip(Op) ={e € 0, |ep’ € Oy} and  V;,(Op) = m(Us(Op)) U{0},

as in [18]. Then V; ,(O,) is a k-subspace of k by [15].

Lemma 4.1 ([18, Theorem 3.3]). Using the above notations, the following are equivalent:
1. O, is half-factorial.
2. (U1(05) =0,
3. {zy | (z,y) € V1p(Op) x Vi15(Op)} = k.
Lemma 4.2. Let O be an order in an algebraic number field and p € X(O) such that Oy is half-factorial.
1. Oy is local and every atom of Oy is a prime of O,.
2. Let m respectively m be the maximal ideals of O, respectively O, and let k = O, /m and k = O, /m
be the residue class fields. .
If dimy k < 3, then Op C Oy is a finitely primary monoid of exponent 1.
In particular, if O is an order in a quadratic or cubic number field, then Oy C (’)p. is a finitely
primary monoid of exponent 1.

Whenever O,, is a Cohen-Kaplansky domain, i.e., whenever it has up to units only finitely many atoms,
the result from Lemma 4.2.1 can be found in [1, Theorem 6.3].

Proof of Lemma 4.2.
1. The assertion follows by Lemma 3.8.1.
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2. By part 1, @ is local too. Thus m respectively m is well-defined and k respectively k is a field.
Since O, has up to units only one prime element by part 1, we write V;(Oy) instead of Vi ,(Oy)
and Uy (Oy) instead of Uy ,(Oy). Furthermore, we find U;(O5) = Ui (O,). For short, we write
m = dimy k, n = dimy, V1(0y), and ¢ = #k. Now we distinguish three cases by m.

Case 1 m = 1. Here k = k and therefore V;(Oy) = k. Thus U3 (0y) = @X by [18, Lemma 3.2],
and therefore Of C (97; is of exponent 1 by the additional statement of Lemma 3.8.1.

Case 2 m = 2. If n = 1, then V1(Oy) = k, and therefore V;(O,) * V1(O,) = k # k, a contradiction
to Lemma 4.1.3. If n = 2, then V;(O,) = k, and the assertion follows as in Case 1.

Case 3 m = 3. If n =1, then we find the same contradiction as in Case 2 when n = 1 there. If
n =2, then #(V1(O0p) * V1(0y)) < ¢* = #Fk by [18, Lemma 2.5]. This is again a contradiction to
Lemma 4.1.3. If n = 3, then V;(O,) = k, and the assertion follows as in Case 1.

Let K be the algebraic number field containing @. Then we find m < [K : Q] and the assertion
follows. O

Now we can prove a slightly refined version of Theorem 1.1 for orders in quadratic and cubic number
fields.

Corollary 4.3. Let O be a non-principal, locally half-factorial order in a quadratic or cubic number field

and set P* = {p € X(O) |p > (0: 0)}.

1. If |Pic(O)| =1, then O is halffactomal
2. If | Pic(0)| > 3, then (D(Pic(0)))? > c(0) > 3, and min A(O) = 1.
3. If | Pic(O)| = 2, then, setting k = #{p € P* | [(9 /O Ipic(0y = Pic(O)}, it follows that
® Cnon(H) =¢c(0) =2+ min{2,k} € {2,3, 4},
. P( ) =3c(0) € {1,3,2};
A0) = [1,¢(0) = 2] C [1,2].
In partzcular, min A(O) < 1 always holds, and the following are equivalent:
® Chnon(0) =2.
e c(O)=2.

e O is half-factorial.

If, additionally, [p] = Opic(o) for all p € P*—this is always true if | Pic(O)| = 1 or if O is an order in a
quadratic number field—then the following is also equivalent:

o t(0)=2.

Proof. Part 1 respectively part 2 follows immediately from Theorem 1.1.1 respectively Theorem 1.1.2.
By Lemma 4.2.2, all localizations O, for p € X(O) are finitely primary monoids of exponent (at most) 1.
Thus part 3 follows by the additional statement of Theorem 1.1.3.

Now we prove the additional statement. First note min A(OQ) < 1 follows by the additional statement of
Theorem 1.1. If | Pic(O)| > 3, then none of the equivalent conditions holds by part 2. If | Pic(O)| = 2, then
the four equivalent conditions are shown in the additional statement of Theorem 1.1.3. If | Pic(O)| = 1, then
O =2 7*(0), and therefore O is half-factorial. By Lemma 3.21 and Lemma 4.2.2, there is a monoid D, a set

of prime elements P C D, r € N, and reduced half-factorial but not factorial monoids D; C [p;] x l/)\iX = f)\z
of type (1, k;) with k; € {1,2} for all ¢ € [1,7] such that D = F(P) x Dy X ... x D, and Z*(O) = D. Now
the other equivalent conditions follow by Lemma 3.8.2. (]

If we compare the equivalent conditions in Corollary 4.3 for non-principal, locally half-factorial orders
in quadratic or cubic number fields with the ones given in [12, Theorem 1.7.3.6]—see below for principal
orders in algebraic number fields—we see that at least these special non-principal orders behave nearly
the same as the principal ones.

Theorem 4.4 (cf. [12, Theorem 1.7.3.6]). Let O be a principal order in a quadratic or cubic number field.
Then the following are equivalent.

1. O is half-factorial.
2. |Pic(0)| < 2.

3. t1(0) <2.

4. c(0) <2.

By Corollary 4.3.3, we get an additional bound on the elasticity of a non-principal order O in a quadratic
or cubic number field such that its conductor is an inert prime ideal, say (O : O) = p € X(O) and
pO € X(0); then p(O) < 2. Now we revisit the example from [15, example at the end of the publication]:
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Let O = Z[3i]. Then O = Z[i], | Pic(O)| = 2, O is locally half-factorial, and (O : O) = 30 € X(0) is an
inert prime ideal in ©@. We set 3 = 14 2i and 8’ = 1 — 2. Then 34, 33’, 3, and 5 are irreducible elements
of O satisfying (38)(33') = 3% - 5; thus p(O) > % Now we have equality by Corollary 4.3.3.

4.1. Localizations of half-factorial orders.

Proposition 4.5. Let D be a monoid, P C D be a set of prime elements, and let T' C D be a reduced
atomic submonoid such that D = F(P) x T. Let Dy C T be a divisor-closed submonoid and let

D,y C [p] x b\lx = 5\1 be a finitely primary monoid of rank 1 and exponent k. Let H C D be a saturated
half-factorial submonoid, G = q(D/H) its class group, and suppose each class in G contains some p’ € P.
Then |G| < 2 and Dy is either

e half-factorial or
—~ X

i |G| =2, say G = {079}7 VP(A(Dl)) = {172}) [p]D/H =9 and [g]D/H =0 fOT alle € Dy .
Proof. Define a homomorphism ¢ : T — G by «(t) = [t]p/g. Throughout the proof, we write B =
{S € B(G,T,.) | 01 S} as in Lemma 3.4.4. If |G| > 3, then it follows by Lemma 3.5.1 that H is not
half-factorial. If |G| = 1, then H = D and, obviously, the first case of the assertion holds. Now, let
|G| =2, say G = {0, g}. Since H is half-factorial, B is also half-factorial by Lemma 3.4. By Lemma 3.11,
vp(A(D1)) = {1} is equivalent to D; being half-factorial. We show that either

* vp(A(D1)) = {1} or

~ X

i V;U(A(Dl)) = {Lz}v [’(p) =9, and L(Dl ) = {0}
If #v,(A(D1)) = 1, ie., vp(A(D;1)) = {n}, then we find n = 1 since N>, C nNy. Suppose we have
#vp(A(D1)) > 1. Then there are n = minv,(A(D;)) and m = maxvy,(A(D1)) >n. Let e, n € EEX be

such that p"e, p™n € A(D;). Now we distinguish four cases by ¢(p"¢) and ¢(p™n).
Case 1 ((p"e) = «(p™n) = 0. Then p"e, p"n € A(B), and we find

(") = (p"e)" (" ).
There are k atoms on the left side and at least k + 1 on the right side; clearly a contradiction to B being
half-factorial.
Case 2 ((p"e) = 1(p™n) = g. Then p"eg, p™ng € A(B), and we find

(0"ng)" = (p"eg)* (" nte")
There are k atoms on the left side and at least k + 1 on the right side; clearly a contradiction to B being
half-factorial.
Case 3 ((p"e) = 0 and ¢(p™n) = g. Then p"e, p™ng € A(B), and we find

( m )k _ (png)k(g2)%(p(min)knkfik) k even
PRS0 () (g2) 5 (pim—myke—Rg) K odd.

There are k atoms on the left side and, in both cases, at least kK + 1 + % on the right side; clearly a

contradiction to B being half-factorial.

Case 4 ((p"e) = g and ¢(p™n) = 0. Then peg, p™n € A(B). Now we must again distinguish four cases.
Case 4.1 2n < m and k even. Here we find

(g%)% (p™n)* = (p"eg)* (p(m—mke k).

There are gk atoms on the left side and at least k + W

contradiction to B being half-factorial, since m > 2n by assumption.
Case 4.2 2n < m and k odd. Here we find
k1l o n m—n —k—
(g2) 7 (Pt = (preg)t T (pimT TRkt

This leads to a contradiction as in the case where k was even.
Case 4.3 m < 2n and k even. We choose | € N maximal with im < (n — 1)k, and we find

k - - m
(p"eg)* = (¢%)% ("™ ek~ (™).
There are k atoms on the left side and at least % + {%W + [ on the right. This is a contradiction to 5
being half-factorial, since m < 2n by assumption.
Case 4.4 m < 2n and k odd. We choose | € N maximal with im < (n — 1)(k + 1), and we find a
contradiction to B being half-factorial by looking at

-‘ atoms on the right side. This is a

k+1

(pné_g)k-i-l _ (QQ)T (pn(k+l)—lm€k+l77—l)(pmn)l'
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Case 4.5 m = 2n. In this particular case, we must again handle two additional cases.

Case 4.5.1 n > 1. Then there is n’ € (n,2n) and v € D} such that p"' v € A(D;). If «(p" ) = 0,
then the assertion follows with p”/'y and p™n as in Case 1. If L(p”/fy) = g, then the assertion follows with
p"e and p”/'y as in Case 2.

Case 4.5.2 n = 1. Then m = 2n = 2. Without loss of generality we may assume that p € D;.
Furthermore, ¢(p?n) = 0 implies t(n) = 0. For the moment, we assume that ((p) = 0 and i(c) = g.

Then we are done by Case 1 with p and p?n. If now «(p) = g and «(¢) = 0, we show L(ﬁlx) = {0}
or vp(A(D1)) = {1}. If L(Z/D\lx) = {0}, then the second case in the assertion is fulfilled. Now suppose
L(l/)\lx) = @, say there is some v € B\lx with ¢(7) = g. Then there is some &’ € [1, k] such that p*'~ € D.

Thus there are e1,...,e1, f1,...,0y € Dy such that (pe1) ...~ (pe))(@®m) - ... (P*my) = Py is a
factorization of pk/’y in Dy. Thus ey «...-gmp ... -y =, and therefore either ¢(e;) = g for some i € [1,]]
or 1(n;) = g for some j € [1,I']. In the first case, we are in the situation of Case 1 with pe; and p?n, and
in the second case, we are in the situation of Case 2 with p and anj. (Il

Corollary 4.6. Let O be a half-factorial order in an algebraic number field K, Ok is integral closure,
and let p € X(O) be a prime ideal of O such that p D (O : Ok).
Then | Pic(O)| <2 and O, is either

e half-factorial, and Oy C (Ok); is a half-factorial monoid of type (1,k) with k € {1,2}, or

o p ramifies in Ok with ramification degree 2, i.e. there is some p € (Ok), prime such that 52 ~p.

In particular, if K is a quadratic number field, then O, is half-factorial.

Proof. Let O be a half-factorial order in an algebraic number field K, let Ok be its integral closure, let
P={peX(O)|pp(O:0k)},and let P* ={p e X(O) | p D (O :Ok)}. By [12, Theorem 3.7.1], we
find that
Ota CF(P)xT withT = [] (O)rea
peP*

is a saturated cofinal submonoid with class group Pic(O). Now, we obtain | Pic(O)| < 2 by Lemma 3.5.1.
Since O is half-factorial, i.e., p(O) = 1 < oo, we find, by [15, Corollary 4.i], that p does not split in
Ok. Thus (Ok), is a discrete valuation domain, in particular, it is local, and thus Oy C (Ok)p is a
finitely primary monoid of rank 1. Since ((’);)red C T is a divisor-closed submonoid, the assertion follows
immediately by Proposition 4.5.

If K is a quadratic number field, then O being half-factorial implies that p is inert by [12, First paragraph
from the Proof of A2 in the Proof of Theorem 3.7.15], and therefore O, is half-factorial. g

4.2. Characterization of half-factorial orders in quadratic number fields.

Corollary 4.7. Let O be a non-principal order in a quadratic number field K, let Ok be its integral
closure, and let P* = {p € X(O) |p D (O : Ok)}.
Then the following are equivalent:

1. O is half-factorial.
2. c(0) =2.
3. | Pic(O)| < 2, O is locally half-factorial and, for allp € P*, [(Ok)p /O5 Ipic0) = [0]pic(0)-
4. | Pic(O)| < 2 and, for all p € P*,
¢ [(OK)p /Oy Ipic(0) = [0]pic(0)-
e p is inert in Ok, and

o p? 7 (0: Ok).

Proof. 1 & 2 By Corollary 4.6, we reason Z*(0) is half-factorial. Thus the assertion is already shown in
the additional statement of Corollary 4.3.

1 = 3 By Corollary 4.6, | Pic(O)| < 2 and O, is half-factorial for all p € P*. We get [(Ok )y /Oy Ipic(0) =
[0]pic(0) by the same construction as in the proof of Corollary 4.3 and Theorem 1.1 using Proposition 3.17.
3 = 1 Since, by assumption, O is locally half-factorial, this implication follows, directly, by the same
construction as in the proof of Corollary 4.3 and Theorem 1.1 using Proposition 3.17.

3 < 4 Since, for all p € P*, O, is half-factorial if and only if p is inert in Ox and p? 2 (O : Ok), the
assertion follows. |
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