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1.1. INTRODUCTION

CHAPTER 1

Introduction and preliminaries

1.1. Introduction

The maximal order Ok of an algebraic number field is a Dedekind domain, and its
arithmetic is completely determined by its Picard group Pic(Ok). In particular, O is
factorial if and only if its Picard group is trivial and O is half-factorial if and only if
# Pic(Ok) < 2; for reference see [4]. In contrast, non-principal orders are not integrally
closed, hence they are never factorial, and their arithmetic depends not only on their
Picard group but also on the localizations at singular primes. Though, a non-principal
order O with # Pic(O) > 3 inherits many arithmetical properties from the maximal order;
in particular it cannot be half-factorial, see Theorem 3.1.18. In contrast, only little is
known about the arithmetic of non-principal orders whose Picard group has at most
two elements, even if they are locally half-factorial—see Definition 1.2.12 for a precise
definition. Exactly in this situation we formulate our main results in Chapter 3—see
Theorem 3.1.18, Corollary 3.1.21, and, for quadratic number fields, Corollary 3.1.25—by

using the semi-group theoretic approach from Chapter 2.

In Chapter 2, the monoid of relations is used to study various invariants of non-unique
factorizations. These are the elasticity, the tame degree, the catenary degree, and the
monotone catenary degree; for a statement of the formal definitions, see Section 1.2; and
for recent work on the catenary degree, see, for example, [13], and for former work on the
monotone catenary degree, see [10], [11], and [12]. The monoid of relations associated
to a monoid and a certain invariant p(-) have been used to study all these invariants but
the monotone catenary degree. Investigations of this type started only fairly recently. In
[5], such investigations were carried out for finitely generated monoids using the results
from [7] and [26]. In [6] and [19], these results, and expansions thereof, were applied in
the investigation of numerical monoids, which are (certain) finitely generated submonoids
of the non-negative integers; for a detailed exposition of the theory of numerical monoids
and applications, see, e.g., the monograph [24]. Even more recently, in [22]—included as
Section 2.1 with slight changes in the notation in this thesis—additionally, these methods
were extended to general not necessarily finitely generated monoids. In [3], the monotone
catenary degree was studied. Now Section 2.2 extends this approach by applying the same
methods as in [22] and in Section 2.1 in the computation of the monotone catenary degree.
Based on these results, we can formulate an algorithmic approach for the computation of

the studied invariants in the situation of T-block monoids in Section 2.3.

In Chapter 3, we start by investigating half-factorial finitely primary monoids. These
turn out to have a very nice structure; see Lemma 3.1.3. Then we exploit this structure
together with results from Chapter 2 to describe precisely the arithmetic of (non-principal)

locally half-factorial orders in algebraic number fields—see Definition 1.2.12 for the precise
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1.2. PRELIMINARIES

definition; see Theorem 3.1.18. Even more detailed results can be formulated for the case of
quadratic or cubic number fields; see Corollary 3.1.21. Then localizations of half-factorial
orders in algebraic number fields are studied and a characterization of half-factorial orders
in quadratic number fields in terms of the class group and the image of the unit groups of
the localizations in the class group is given; see Corollary 3.1.25. In Section 3.2, first results

for locally half-factorial orders with cyclic class groups are formulated; see Corollary 3.2.5.

In Chapter 4, we use some special type of finitely primary monoids, so called strict
monoids—for a statement of the formal definition, see Definition 4.1.3—to calculate the
minimum distance in special orders in algebraic function fields and in algebraic number

fields.

1.2. Preliminaries

Let N denote the set of positive integers and let Ng = N {0}. For integers n, m € Z,
we set [n,m] = {x € Z | n < x < m}. By convention, the supremum of the empty set is
zero and we set % = 1. The term “monoid” always means a commutative, cancellative
semigroup with unit element. For a monoid H, we denote by H* the set of invertible
elements of H. If, for two elements a, b € H, there is some u € H”* such that a = ub,
then we call a and b associated. In this case, we write a ~ b. We call H reduced if
H* = {1} and call Hyeq = H/H* the reduced monoid associated with H. Of course, Hyeq
is always reduced, and the arithmetic of H is determined by H..q. Let H be an atomic
monoid. We denote by A(H) its set of atoms, by A(Hyeq) the set of atoms of Hiyeq, by
Z(H) = F(A(Hyea)) the free monoid with basis A(Hyed), and by 7wy : Z(H) — Hyeq the
unique homomorphism such that 7| A(Hyeq) = id. We call Z(H) the factorization monoid
and 77 the factorization homomorphism of H. For a € H, we denote by Z(a) = w5 (a H*)
the set of factorizations of a and denote by L(a) = {|z| | z € Z(a)} the set of lengths of a.
We call L(H) = {L(a) | a € H} the system of sets of lengths of H. A monoid H is called
half-factorial, if #L(a) = 1 for all a € H, and factorial if #Z(a) =1 for all a € H.

In the following, we briefly recall the definitions of all the invariants of non-unique

factorization to be dealt with in this thesis.

DEFINITION 1.2.1. A monoid H is called a BF-monoid (or equivalently a monoid with

bounded factorizations) if H is atomic and L(a) is finite for every a € H.

DEFINITION 1.2.2. Let H be an atomic monoid. For a € H, we set

pla) = min L(a)
Note that H is half-factorial if and only if p(H) = 1.

L
M and call p(H) =sup{p(a) | a € H} the elasticity of H.

DEFINITION 1.2.3. Let H be an atomic monoid and z, 2’ € Z(H) be two factorizations.

Then we call

/

z z

ged(z, 2')

d(z,2) = max{

, } the distance between z and 2’

ged(z, 2')
DEFINITION 1.2.4. Let H be an atomic monoid.

1. For a € H, the catenary degree c(a) denotes the smallest N € Ny U {oo} with the
following property:
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For any two factorizations z, 2’ € Z(a), there exists a finite sequence of factor-
izations (zg, 21,. .., 2k) in Z(a) such that zg = 2, 2z = 2/, and d(2;_1,2;) < N
for all i € [1, k.

If this is the case, we say that z and 2’ can be concatenated by an N-chain.

Also, c(H) = sup{c(a) | a € H} is called the catenary degree of H.

2. For a € H, the monotone catenary degree cymon(a) denotes the smallest N €

Np U {oco} with the following property:
For any two factorizations z, 2’ € Z(a) with |z| < |2/|, there exists a finite
sequence of factorizations (zq, 21, ..., 2x) in Z(a) such that 29 = z, 2, = 2/,
d(zi—1,2) < N and |z;—1| < |z]| for all i € [1,k].

If this is the case, we say that z and 2’ can be concatenated by a monotone N -chain.

Also, cmon(H) = sup{cmon(a) | @ € H} is called the monotone catenary degree of

H.

DEFINITION 1.2.5. Let H be an atomic monoid. For a € H and = € Z(H), let t(a,x)
denote the smallest N € Ny U {oco} with the following property:
If Z(a) NxZ(H) # 0 and z € Z(a), then there exists some 2’ € Z(a) N xZ(H) such
that d(z,2") < N.
For subsets H' C H and X C Z(H), we define

t(H', X) = sup{t(a,z) |a € H', x € X},
and we define t(H) = t(H, A(Heq)). This is called the tame degree of H.

DEFINITION 1.2.6. A monoid homomorphism 6 : H — B is called a transfer homomor-
phism if it has the following properties:
(T1) B=6(H)B* and §~1(B*) = H*.
(T2) If a € H, r, s € B and 6(a) = rs, then there exist b, ¢ € H such that 6(b) ~ r,

0(c) ~ s, and a = bc.

DEFINITION 1.2.7. Let 6 : H — B be a transfer homomorphism of atomic monoids
and 0 : Z(H) — Z(B) the unique homomorphism satisfying (uH*) = 0(u)B* for all
u € A(H). We call 8 the extension of # to the factorization monoids.

For a € H, the catenary degree in the fibers c(a,f) denotes the smallest N € Ny U {oo}
with the following property:

For any two factorizations z, 2/ € Z(a) with 0(z) = 6(z') there exists a finite
sequence of factorizations (2o, 21, ..., 2x) in Z(a) such that zg = z, 2, = 2/, 0(z) =

0(z), and d(z;_1, 2;) < N for all i € [1, k]; that is, z and 2’ can be concatenated by
an N-chain in the fiber Z(a) N 071 ((A(2))).

Also, c(H,0) = sup{c(a,0) | a € H} is called the catenary degree in the fibers of H.

DEFINITION 1.2.8. Let ) # L C Ny be a non-empty subset and H an atomic monoid.

1. A positive integer d € N is called a distance of L if there exists some | € L such
that LN [l,l +d] = {l,l + d}. We denote by A(L) the set of distances of L. Note
that A(L) = 0 if and only if #L < 1.
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2. We call
A(H) = | J A(L(a)) CN
acH
the set of distances of H and min A(H) the minimum distance of H.
3. Let a € H and k,l € N with k£ < [. We call k£ and [ adjacent or, equivalently,
adjacent lengths of a if [k,l]] N L(a) = {k,(}.

In the next lemma we briefly recall some well known results.

LEMMA 1.2.9. Let H be an atomic monoid. Then
1. H is factorial if and only if c(H) = 0 if and only if t(H) = 0.
. If c(H) <2, then H is half-factorial, i.e. p(H) = 1.
. If H is not factorial, then 2 +sup A(H) < c(H).
. If c(H) = 3, then A(H) = {1}.
t(H) > c(H).

SR NGIEES

PROOF.

Follows by [14, Theorem 1.6.3.1] and [14, Theorem 1.6.6.1].
Follows by [14, Theorem 1.6.3.3].
Follows by [14, Theorem 1.6.3.2].
Follows by [14, Theorem 1.6.3.4].
Follows by [14, Theorem 1.6.6.2].

Gk W D=

O

DEFINITION 1.2.10. Let H be an atomic monoid and m € N. If H # H*, we call the

set

Vi (H) = U L the union of sets of lengths of H,
LeL(H),meL

and if H = H*, we set V,,(H) = {m}.

For an integral domain R, we set R®* = R\ {0} for the commutative, cancellative
monoid of non-zero elements of R. Additionally, all notions, which were introduced for
monoids, are used for domains, too; for example, we write A(R) instead of A(R®) for the

set of atoms.

DEFINITION 1.2.11. Let R be an integral domain and K = q(R) the quotient field of R.

1. We call spec(R) the set of all prime ideals of R.
2. We set

X(R) = {p € spec(R) | p # 0 and p is minimal}
for the set of minimal prime ideals of R.
3. Let L D K be a field extension. We call b € L integral over R if there is a monic
polynomial f € R[X] such that f(b) = 0.
4. For non-empty subsets X, Y C K, we define

YV:X)=Y :xX)={acK|aXCY}and X' = (R:X).

We denote by Z(R) the set of all ideals of R and we call an ideal a € Z(R) invertible
if aa~! = R. Then we denote by Z*(R) the set of all invertible ideals of R.

— 6 —
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5. We call
clp(R) ={b € L |bis integral over R} the integral closure of R in L

and we set R = cli (R) for the integral closure of an integral domain (in its quotient
field).

DEFINITION 1.2.12. A one-dimensional noetherian domain R is called locally half-
factorial if Z*(R) is half-factorial.
Note that this notion of being locally half-factorial does not coincide with the one defined
in [2] but it coincides with what is called purely locally half-factorial there.
By [14, Theorem 3.7.1], we have Z*(R) = [[,cx(g) (2§ )rea- Thus Z*(R) is half-factorial if
and only if (19)req is half-factorial for all p € X(R).

We briefly fix the notation concerning sequences over finite abelian groups. Let G be
an additively written finite abelian group. For a subset A C GG and an element g € G, we
set —A={—-a|lacAand A—g={a—g|ae€ A}. Let F(G) be the free abelian monoid
with basis G. The elements of F(G) are called sequences over G. If a sequence S € F(Q)
is written in the form S = g1 -...- g;, we tacitly assume that | € Ng and ¢1,...,9; € G. For

a sequence S =gy -...- g, we call

|S| =1 the length of S,

o(S) = X', g; € G the sum of S,

supp(S) = {g1,.-.,91} C G the support of S,

Y(S) ={>icr9i |0 # I C[1,]]} C G the set of subsums of S, and

—X(8) ={>icr(—g) |0 #T C[1,]]} ={—g | g € X(S)} C G the set of negative
subsums of S.

The sequence S is called

e a zero-sum sequence if o(S) =0,
o zero-sum free if there is no non-trivial zero-sum subsequence, i.e. 0 ¢ X(5), and
e a minimal zero-sum sequence if 1 # S, o(S) = 0, and every subsequence S’ | S
with 1 < |S’| < |S] is zero-sum free.
For a subset Gg C G, we set

B(Go) = {S € F(Go) | o(S) = 0} for the block monoid over Gy and
A(Gp) ={S € F(Gp) | S minimal zero-sum sequence} C B(Gy).

Then, in fact, B(Gy) is an atomic monoid and A(Ggy) = A(B(Go)) is its set of atoms.

DEFINITION 1.2.13. For a subset of a finite (additive) abelian group Gy C G, the
Davenport constant D(Gg) € N is defined to be the supremum of all lengths of sequences

in A(Gy).

DEFINITION 1.2.14. Let H C D be monoids.

1. We call H C D saturated or, equivalently, a saturated submonoid if, for all a, b € H,
a | bin D already implies that a | b in H.

2. If H C D is a saturated submonoid, then we set D/H = {aq(H) | a € D} and
lalp/ar = aq(H) and we call q(D)/q(H) = q(D/H) the class group of H in D.

— 7 —
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DEFINITION 1.2.15. Let GG be an additive abelian group, Gy C G a subset, T a monoid,
t: T — G a homomorphism, and o : F(Gp) — G the unique homomorphism such that
o(g) = g for all g € Gy. Then we call

B(Go,T,1) = {St € F(Go) x T | o(S) + 1(t) = 0}

the T'-block monoid over Go defined by ..
If T = {1}, then B(Go,T,t) = B(Gp) is the block monoid of all zero-sum sequences over
Gb.

LEMMA 1.2.16. Let D be an atomic monoid, P C D a set of prime elements, and
T C D an atomic submonoid such that D = F(P) x T. Let H C D be a saturated atomic
submonoid, let G = q(D/H) be its class group, let v : T — G be a homomorphism defined
by u(t) = [t]p/u, and suppose each class in G' contains some prime element from P. Then
1. The map B : H — B(G,T,1), given by B(pt) = [plp/u + t(t) = [plp/u + [tIp/H
s a transfer homomorphism onto the T-block monoid over G defined by v and
c(H,p) <2
2. The following inequalities hold:

c(B(G,T,)) < c(H) <max{c(B(G,T,)),c(H,p)},
Cmon(B(G,T,1)) < cmon(H) < max{cmon(B(G,T,¢)),c(H,B)}, and
t(B(G,T,) < t(H) <tB(G,T,.)+D(G)+1.

In particular, the equality c(H) = c¢(B(G,T,¢)) holds if c(B(G,T,t)) > 2 and the
equality Cmon(H) = cmon(B(G, T, 1)) holds if cyon(B(G,T,1)) > 2.

3. L(H) = L(B(G,T,.)), AH) = AB(G,T,t)), min A(H) = min A(B(G,T,1)),
and p(H) = p(B(G,t,1)).

4. We set B ={S € B(G,T,t) | 01 S}. Then B and B(G,T,.) have the same

arithmetical properties, and
c(B)<  c(H) <max{c(B),c(H,pB)}
Cmon(B) < Cmon(H) < max{cmon(B),c(H, )}, and
t(B) < t(H) <t(B)+D(G)+1.

In particular, the equality c(H) = c(B) holds if c(B) > 2 and the equality cpon(H) =
Cmon (B) holds if cmon(B) > 2.

Additionally, L(H) = L(B), A(H) = A(B), min A(H) = min A(B), and p(H) =
p(B).

PROOF.

1. Follows by [14, Proposition 3.2.3.3 and Proposition 3.4.8.2].

2. The assertion on the catenary degree follows by [14, Theorem 3.2.5.5], the assertion
on the monotone catenary degree by [14, Lemma 3.2.6], and the assertion on the
tame degree by [14, Theorem 3.2.5.1].

3. Follows by [14, Proposition 3.2.3.5].

4. Since 0 € B(G, T, 1) is a prime element, it defines a partition B(G,T,:) = [0] x B
with B={S € B(G,T,.) | 01 S{. Thus all studied arithmetical invariants coincide
for B and B(G,T,t). Now the assertions follow from part 2 and part 3. O
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LEMMA 1.2.17. Let D be an atomic monoid, P C D a set of prime elements, and
T C D an atomic submonoid such that D = F(P) x T. Let H C D be a saturated atomic
submonoid, G = q(D/H) its class group, and suppose each class in G contain some p € P.
1. If #G > 3, then min A(H) =1, p(H) > 1, c¢(H) > 3.
2. p(H) < D(G)p(T).

PrOOF. We define a homomorphism ¢ : T — G by «(t) = [t|p/g and write B(G, T 1)
for the T-block monoid over G defined by ¢.

1. Then B(G) C B(G,T,.) is a divisor-closed submonoid. By [14, Theorem 6.7.1.2],
we have min A(G) = 1, and thus min A(B(G,T,t)) = 1 and ¢(B(G,T,t)) > 3 by
Lemma 1.2.9.3. Now the assertions follow by Lemma 1.2.16.2 and Lemma 1.2.16.3.

2. By [14, Proposition 3.4.7.5], we have p(B(G,T,t)) < D(G)p(T). Now the assertion
follows again by Lemma 1.2.16.2. O

LEMMA 1.2.18. Let D = D X ... x D, with r € N be the product of atomic monoids

Di,....D,.
Then
1. If min A(Dy) = 1, then min A(D) = 1.
2. If Vin(D1) = [2,00) for m € N>a, then Vi (D) = [2,00).
3. ¢(D) = sup{c(D1),...,c(Dy)}.
4. p(D) = sup{p(D1),...,p(Dr)}
5. A(Dy)U...UA(D,) C A(D).
6. t(D) = sup{t(D1),...,t(D,)}.

PRrROOF. For i € [1,r] we have L(D;) C L(D), which implies 1, 2, and 5.

3. Follows from [14, Proposition 1.6.8.2].

4. Follows from [14, Proposition 1.4.5.2].

6. Follows from [14, Proposition 1.6.8.4]. O



2.1. ON THE CATENARY AND THE TAME DEGREE AND THE MONOID OF RELATIONS

CHAPTER 2

A characterization of arithmetical invariants by monoids of

relations

Since all arithmetical invariants studied in this chapter coincide for a monoid and the
associated reduced monoid, we formulate our results only for reduced monoids for the sake

of readability.

2.1. On the catenary and the tame degree and the monoid of relations

This section mainly presents all the results from [22] with some slight changes in

notation in order to be able to formulate some additional results in the next sections easier.

2.1.1. p(H).

DEFINITION 2.1.1 (R-relation, cf. [19, end of page 3]). Let H be a reduced atomic
monoid. Two elements z, 2’ € Z(H) are R-related if
o cither z =2' =1
e or there exists a finite sequence of factorizations (zo, z1, ..., 2x) such that zy =

z, 2z =2, m(2) = 7 (2;), and ged(z—1,2;) # 1 for all i € [1,k].

We call this sequence an R-chain concatenating z and z’, and if, additionally, |z;_1| <
|zi| for all 7 € [1, k], then we call this sequence a monotone R-chain concatenating z and
2. If two elements z, 2’ € Z(H) are R-related, we write z ~ /.

Since in our general setting the number of factorizations of an element a € H is not
necessarily finite, the number of different R-equivalence classes of Z(a) is potentially infinite

too.

DEFINITION 2.1.2 (u(a), p(H), cf. [19, first paragraph, page 4]). Let H be a reduced
atomic monoid. For a € H, let R, denote the set of R-equivalence classes of Z(a) and, for
p € Rg, let |p| = min{|z| | z € p}. For a € H, we set

p(a) = sup{|p| | p € Rq} < supL(a)

and define
p(H) =sup{p(a) | a € H, |Rq| > 1}.

Then p(H) = 0 if and only if |R,| =1 for all a € H.
The following Proposition 2.1.3 is partly based on the second part of the proof of [6,

Theorem 3.1] and realizes its result in our slightly more general setup.
PROPOSITION 2.1.3. Let H be a reduced atomic monoid. Then

c(a) > u(a) for alla € H, and c(H) = p(H).
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PrRoOOF. First we prove

c(a) > p(a) for all a € H.

Let a € H be such that |R,| > 1. We may assume that c(a) < co. Let N € Ny be such
that p(a) > N. Let p € R, be such that |p| > N and z € p such that |z] = |p|. Let
2" € Z(a) be such that z % 2’ and let z = 29, 21, ..., 2r = 2’ be a c(a)-chain concatenating
z and 2. Let i € [1, k] be minimal such that z % z;. Then z;_1 % z;, and therefore

N <zo| < zi—1| < d(zi,2i-1) < c(a).
Till now we have c¢(H) > p(H). Thus it suffices to show
p(H) > c(H).

We show that, for all N € Ny, all a € H, and all factorizations z, 2z’ € Z(a) with |z| < N
and |z/| < N, there is a u(H)-chain from z to 2’. We proceed by induction on N. If N = 0,
then z = 2/ =1 and d(z,2') = 0 < p(H). Suppose N > 1 and that, for all a« € H and all
z, 2 € Z(a) with |z| < N and |2'| < N, there is a u(H)-chain from 2 to 2’. Now let a € H
and let z, 2’ € Z(a) with |z| < N and |2/| < N. If z % 2/, then there are 2", 2" € Z(a)
such that 2’ =~ z, 2/ ~ 2/, and 2" and 2’ are minimal in their R-classes with respect to
their lengths. Since ged(2”,2") =1, we find d(2”, 2") = max{|2"|, |2"|} < p(a) < u(H).
Now it remains to show that, for any two factorizations z, 2’ € Z(a) with z = 2/, |2] < N,
and |2/| < N, there is a u(H)-chain concatenating them. By definition, there is an R-chain
20y - -+, 2k With 2 = 2o, 2/ = 2, and g; = ged(z;-1, 2;) # 1 for all i € [1,k]. By the induction
hypothesis, there is a u(H)-chain from g; *z;_1 to g; *z; for all i € [1,k], and thus there is
a u(H)-chain from z; to z;_1 for i € [1, k|; thus there is a p(H)-chain from z to z’. O

2.1.2. The monoid of relations ~g.
DEerFINITION 2.1.4. Let H be a reduced atomic monoid. We call
~a={(z,y) € Z(H) x Z(H) | 7 (x) = 7 (y) }
the monoid of relations.

LEMMA 2.1.5. Let H be a reduced atomic monoid, P C H the set of prime elements of
H, and T = A(H) \ P.
1. Then ~g= {(qz,qy) | ¢ € F(P),z,y € F(T)} and, for all ¢ € F(P) and
x,y € Z(H), we have (qz,qy) €~p if and only if (z,y) E~g.
2. The homomorphism ¢ :~g— F(P) x F(T) x F(T') defined by ¢(qzx,qy) = (¢, ,y)
with z € F(P), where x, y € F(T), is a divisor theory.
3. ~p is a Krull monoid with class group q([T]), and the set of all classes containing
primes is given by {v,v™! | v € T}U{1} if P # 0 and by {v,v™' | v € T} otherwise.

In particular, the set of classes containing primes is finite if and only if T is finite.

PROOF.
1. Obviously, we have Z(H) = F(P) x F(T). Let (qz,q'y) € Z(H) x Z(H) with
q,q € F(P)and z, y € F(T). Then (qz,qy) €~p if and only if 7y (qx) = 7 (¢'y).
Since ¢, ¢’ are products of prime elements, we find ¢ = ¢/, and thus 7y (z) = 7 (y).



2.1. ON THE CATENARY AND THE TAME DEGREE AND THE MONOID OF RELATIONS

2. First we show that ¢ is a divisor homomorphism. Let (¢121,q1y1), (g222, G2y2) E~q

be such that o(qz1, qiy1) = (q1,21,91) | (g2, 22,92) = @(q222,q2y2) in F(P) x
F(T) x F(T). Then there exists (¢,z,y) € F(P) x F(T) x F(T) such that

(q1,21,y1)(q, x,y) = (g2, 2, y2). Now we apply 7y and find
m(y)rg(z) = g (e)rg(z) = mg(r1x)
=7y (22) = 7a(Y2) = mH(Y1y) = 7 (Y1) 7H (Y)-

Thus 7y (x) = w7 (y), and therefore (qz, qy) €~g and (121, 1y1) |~y (@272, G2Y2)-
Now we prove that ¢ is a divisor theory. Since F(P) x F(T) x F(T') = F(U) with
U={(p,1,1)|pePu{(1,¢t1),(1,1,t) | t € T}, we must show that any element
of U is the greatest common divisor of the image of a finite subset of ~p. Let
(p,1,1) € U. Since ¢(p,p) = (p,1,1), there is nothing to show in this case. Now
let w € A(H) be not prime such that (1,u,1) € U. Since u € A(H) is not prime,
there are a, b € H \ H* not divisible by any prime such that u | ab but u t a and
u1b. Now let z € Z(utab), x € Z(a), and y € Z(b) with u { zy. Then we find
(1,1, 1) = ged(p (2, 2), (1, 0)).

3. It is clear by part 2 and [14, Theorem 2.4.8.1] that ~p is a Krull monoid. Now we

compute its class group. We define the map

¢:{f<7>>><f<T>><f<T> - a1
(¢, 2,9) = () (ra(y) "

Obviously, ¢ is a well-defined monoid homomorphism and ¢ is surjective.

By [14, Proposition 2.5.1.4], it is sufficient to show that ¢~1(1) = p(~p) in
order to prove that the class group of ~p equals q([T]). Now let (¢q,z,y) €
F(P) x F(T) x F(T'). Then we find

¢(gx,y) =mu(x)mg(y) ' =1 &

i

T (z) =7 (y)
(x,y) E~vg &
(q7,qy) €~m,

and we are done. For the last part of the proof, we calculate the set of all classes
containing prime elements of F(P) x F(T') x F(T'). We have F(P) x F(T) x
F(T)=FU) withU ={(p,1,1) | p € P}U{(1,¢,1),(1,1,¢) | t € T} and find

{v,o7 v e TYU{1}if P # 0 and {v,v~! | v € T} otherwise. O

As we have seen in the proof of Lemma 2.1.5.2 every element of Z(H) x Z(H) can be
written as greatest common divisor of the image of at most two elements from ~g. In the

literature, such a Krull monoid is called a 1-semigroup with divisor theory; for reference,
see [27] and [28].

DEFINITION 2.1.6. Let H be a reduced atomic monoid. For a € H, we define
Ao(~u) ={(z,y) € A(~n) | mu(z) = a}.

LEMMA 2.1.7. Let H be a reduced atomic monoid and a € H. Then
1. A(~pg) C{(u,u) |ue A(H)} U{(z,y) €~nl ged(z,y) = 1}.
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2. If v, y € Z(a) with © %y, then (z,y) € As(~g).

PROOF.

1. Let (x,y) € A(~pg) and z = ged(w,y). If z = 1, we are done. Now assume
z# 1. Then z = uy - ... uy for some k € N and uy,...,ur € A(H). Now we
find (z,y) = (z,2)(xz " yz™h) = (ug,u1) - ... - (wp,up) (27t yz™h)., If k> 2,
then (z,y) ¢ A(~m), a contradiction. If & = 1, then (x,y) € A(~p) implies
(zz=Yyz71) = (1,1), that is, z = 2 = y = uy € A(H).

2. Let a € H and z, y € Z(a) such that (z,y) ¢ A.(~p). Then, trivially, (z,y) ¢
A(~p) and thus there are (x1,v1),..., (zk,yx) € A(~pg) with k& > 2 such that
(x,y) = (x1,91) .. (g, yx). Thenz =21 ... Tk, 1T2 o Tpy Y1+ v Y =Y
is an R-chain concatenating z and y, and therefore x =~ y. O

DEFINITION 2.1.8. Let H be a reduced atomic monoid and ~ g its monoid of relations.

For (z,y) €~p and X C~p, we set
A(z,y) = |lz| = Jyl| and A(X) = {A(z,y) | (2,9) € X, |2| # [yl}.

Now we can prove something like [6, Proposition 3.2] for the catenary degree and like

in [25] for the elasticity, and an additional result for the set of distances.

PROPOSITION 2.1.9. Let H be a reduced atomic monoid. Then

1. c«(H) < sup{ly| | (z,y) € A(~n)};

2. p(H)-sup{?" ENH} —SUP{‘W\' (z,y) EA(NH)}; and

3. A(H )~ AN(~m), mA( ) = ged A(A(~p)) = min A(~g), and max A(H) <
max A(A(~g)).

PROOF.

1. Let a € H\ H* and let z, 2/ € Z(a) be two different factorizations of a. Then,
of course, (z,2') €~p. Thus there are (x1,91),.-., (T, yx) € A(~pg) such that
(z,2") = (x1,y1) - ... (zk,yr). Now we can construct the following chain of
factorizations: z = zg9 and z; = ziflelyi for i € [1,k]. Then z;, = 2’. Since
(x4, yi) € A(~p), we find ged(zi,y;) =1 or x; = y; = v with w € A(H) C Z(H) by
Lemma 2.1.7.1. This implies that either d(z;_1, z;) = max{|z;|, |yi|} or d(zi_1, ;) =
0. Thus z and 2’ can be concatenated by a max{|z;|, |y;| | i € [1, k]}-chain. Since
(z,y) € A(~p) if and only if (y,z) € A(~p), the assertion follows.

2. For all a € H, we have that Z(a) x Z(a) C~pg. Thus we find

pla) = 22 —sup { 2y e 20 =sup { ]| 00) € 260) x 2zt v}

The first equality now follows. Since A(~py) C~p is a subset, it is clear that

sw {1 |0 e

In order to prove equality, we show the following assertion:

(@9) € Alv) | <sup{

[ S |z
!

For all (x,y) €~p, there is (z/,y’) € A(~p) such that w21 |‘
Let (z,y) €~g and without loss of generality assume |z| > |y|. Now there is some
n € Nand (z;,y;) € A(~p) for all i € [1,n] such that (z,y) = (z1,y1) ... (Tn, Yn)-



2.1. ON THE CATENARY AND THE TAME DEGREE AND THE MONOID OF RELATIONS

When we pass to the lengths, we find || = >°i"; |z;| and |y| = >°i; |vi|. This
yields
o = ol = ol = 3 < e S ] = e 7l
|yl < il U yil = =1 |y
Thus we find
x T
o < L,;{-

3. Since, for each d € A(H), there exists (x,y) € Z(H) such that |y| — |z| = d, the
inclusion A(H) C A(~p) is obvious, and therefore min A(H) > min A(~g).
Now let d € A(~p). Then there is (z,y) €~g such that d = ||z| — |y|| by
Definition 2.1.8. We may assume |z| < |y|. There is some 2’ € Z(mwy(z)) such that
|z'| € (=], |y|] and |z| and |2'| are adjacent lengths of g (x). Then d = |2| — |z| <
ly| — |z| = d’, and therefore min A(H) < min ( ~) and equality follows.

Now let d = max A(H). Then there exists (z,y) €~y and a € H such that
mu(x) = a, |z| — |y| = d and [|y|, |z|]] N L(a) = {|y|,|x|}. There are k € N and

(x1,y1)s .-y (Tkyyk) € A(~p) such that (z,y) = (z1,91) - ... (g, yx). Since
SK w] = |zl > |yl = XF |, there exists j € [1,k] such that |z;| > |y;l.
Now we show |z;| — |y;] > d. We assume to the contrary |z;| — |y;| < d. We

set z = y; [IF 1i#j i Clearly, 2 € Z(a) and |2| = |z] — (|z;] — |y;|) € [Jz| — (d -
1),|z| — 1] N L(a), a contradiction.

Let now d’ = ged A(A(~p)) and d = min( ~p). Since d' | d, it remains to prove

that d' € A(~pg). Let k € N, (z1,v1), ..., (@r, ye) € A(~g), and nq,...,n, € Z

be such that

k
= i ||ai| = Jyil| -
=1

Replacing (z;,v;) by (vi, ;) if necessary, we may assume that n;i ||z;| — |yi|| =
|ni|(|zi| — |yi|) for all ¢ € [1, k], and we obtain

k

Aoy%%m) (Hﬂmfhm>=

i=1
k

= Hlmllxi!* Hlml\yz-\ ol P AR
i=1 i=1 i=1

Next, we mimic the ideas from [6, page 259 and Theorem 3.2].

il \nzl

=d e A(~g).O

DEFINITION 2.1.10. For a reduced atomic monoid H, we set
v(H) = sup{u(a) | a € H, Ao(~p) # 0, [Ra| > 1}.

PRrROPOSITION 2.1.11. Let H be a reduced atomic monoid. Then

PROOF. By Proposition 2.1.3, it is sufficient to show that u(H) = v(H). When we
compare the definitions of those two invariants, we see that the only thing we really have

to show is that

{a€ H| Au(~g) #0,|Ral >1} ={a € H||R4| > 1}.
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One inclusion is trivial and, for the other one, let a € H be such that |R,| > 1, and let
z, 2/ € Z(a) be two factorizations of a such that z % 2’ and such that both are minimal

in their R-equivalence classes with respect to their lengths. By Lemma 2.1.7.2, we find

(2,2') € Aa(~m) # 0. 0

Let H be a finitely generated reduced monoid. The following identity will prove crucial

for the computations of the catenary degree in Section 2.3.
(2.1.1) c(H) =max{pu(a) |a € H, Au(~pg) # 0, |Rq| > 1}.
THEOREM 2.1.12. Let H be a reduced atomic monoid. Then
1. ¢(H) =sup{c(a) |a € H, Ag(~pg) # 0}.
2. c(H) <sup{|z| | (z,y) € A(~n), v # y}.
PROOF.

1. Obviously, we have c¢(H) > sup{c(a) | a € H, Ay(~p) # 0}. Since, by Proposi-
tion 2.1.3, c(a) > p(a) for all a € H, we find by Proposition 2.1.11, that
sup{c(a) | a € H, Aa(~n) # 0} > sup{u(a) | a € H, Aa(~p) # 0}

> sup{u(a) | a € H, Ag(~pg) # 0, |Ra| > 1}
=v(H)=c(H).

2. We use Proposition 2.1.11 and find

c(H)=v(H)
<sup{u(a)|a € H, |Rq| > 1}
<sup{lz| | (z,y) € A(~n), z # y}. O

DEFINITION 2.1.13. Let H be a reduced atomic monoid. For subsets X, Y C Z(H), we

set

dX.Y) = {min{d(x,y) lzeX, yeY} if X,V #0,

0 else

for the distance between X and Y. If X = {z}, we write d({z},Y) = d(z,Y).

THEOREM 2.1.14. Let H be a reduced atomic monoid and v € A(H).
1. t(H,u) = sup{d(z,Z(a) NwZ(H)) | a € uH, x € Z(a), Aa(~m) # 0}.
2. t(H) = sup{d(z,Z(a) NuZ(H)) | a € uH, x € Z(a), As(~g) # 0, u € A(H)}.
3. t(H) < supfle| | (z,y) € A(~u)}-

PRrOOF.
1. Let t = t(H,u) and d = sup{d(z,Z(a) NuZ(H)) | a € uH, x € Z(a), Aq(~g) # 0}.
We first prove that t < d. Assume a € uH. Now we must show that, for all
z € Z(a), there exists 2’ € Z(a) NuZ(H) such that d(z,2’) < d. Let z € Z(a).
If u | z, then we are done by setting z’ = z, since then d(z,z’) = 0 < d. Now
assume that u { 2. As a € uH, we have u~'a € H, and therefore there is some
z € Z(u"ta). Then uz € Z(a) and u | uz. Since (z,uZ) €E~p, there exist n € N
and (21,y1), .-, (Tn,yn) € A(~g) such that (z,uz) = (z1,41) - - .. (Tn,yn). This

implies that (x;,v;) | (z,uZ) in ~p for all ¢ € [1,n] and that there exists some
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J € [1,n] such that u | y;. Observe that x; | z implies that u { z;. Then (x;,y;) €
Avy@)(~m), mH(25) = mH(y;) € uH, and y; € Z(mp(z;)) NuZ(H). Now take
Y € Z(mg(z;)) NuZ(H) such that d(z;,y') = d(zj, Z(rg(x;)) NuZ(H)). If we now
choose 2/ = y’zxj_l, then 2’ € Z(a) NuZ(H), and d(z,2') = d(acj(z:vj_l),y’zxj_l) =
d(z;,y’) < d. This proves t < d.
Proof of t > d. Let N € Ny be such that N < d. Then there exist a € uH,
x € Z(a) such that A,(~g) # 0, and y € Z(a) NuZ(H) such that d(z,y) =
d(z,Z(a) NuZ(H)) > N. Let x € Z(a) NuZ(H) be such that d(z,z) < t. Then
N <d(z,y) <d(z,z) <t. Hence d < t.

2. Obvious by part 1 and the very definition of the tame degree.

3. Shown in [3, Proposition 5.2.2]. O

Let H be a reduced atomic monoid. Suppose we have a decomposition A(Hyeq) =
\Wier Ai, where I is an index set and the A; C A(Hyeq) for i € I are non-empty subsets
such that

(2.1.2) Al~m) N (F(A) x F(A)) = {(a,a) | a € A;} for all i € 1.

Let a, b € A(Hyeq) and define an equivalence relation ~ on A(H,eq) by a ~ b if a, b € A;
for some i € I. We can extend the canonical projection 7~ : A(Hyeq) — A(Hyed)/ =
to a monoid epimorphism T~ : Hyeq — H := [[a;]~ | i € I] (well defined by (2.1.2)) onto
a reduced, atomic monoid, where a; € A; for all i € I. Of course, the possibly most
interesting special case is when I is finite, that is, H is a finitely generated, reduced, atomic
monoid.

Now we can prove the following result.

THEOREM 2.1.15. Let H and H be as above. Then

c(H) <c(H),

and, if additionally T~ induces a homomorphism from ~y onto ~3, then

1. c(H) < max{[z| | (z,y) € Al~g)};
in particular, if c(H) = max{|z| | (z,y) € A(~5)}, then c(H) = c(H);

2. p(H) = p(H) = max { %’ (x,y) € A(Nﬁ)}; and

3. +(H) < t(H).

PROOF. Since 7~ is defined as a map from A(H,eq) onto A(H), it trivially extends to
7~ : Z(H) — Z(H) such that the following diagram commutes:

Now we prove the following two statements.

A1l For all z, 2 € Z(H), 2z ~ 2/ implies 7~ (2) &~ 7~ (2').
A2 For all z € Z(H), |z| = |7~(2)|.
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PROOF OF Al. Let z, 2/ € Z(H) be two factorizations such that ged(z,2") # 1. We
have 1 # m~(ged(z,2')) | ged(m~(2), 7~ (2')) and find ged(m~(2), 7~(2")) # 1. Now the

assertion is obvious. O

PROOF OF A2. It is obvious that |z| = |7~(2)| for all z € Z(H). O

By A1, we find p(H) > p(H), and thus, by Proposition 2.1.3, we have c(H) = p(H) <
p(H) = c(H). Now we assume that 7~ induces a homomorphism from ~p onto ~.

1. By A2, we find max{|z| | (z,y) € A(~n)} = max{|z| | (z,y) € A(~3)}, whence

Proposition 2.1.9 implies that ¢(H) < max{|z| | (z,y) € A(~g)} = max{|z| |

2. Since H is finitely generated, ~7r is also finitely generated. Thus we have, by A2,
_qupd 7
(z,y) € A(~n) ¢ = sup

Now everything follows by Proposition 2.1.9.2.
3. Obviously, we have d(z,2’) > d(m~(2), 7~(2")) for all z, 2’ € Z(H). Thus we find

t(H) > t(H) by Definition 1.2.5. O

|z]

(x,y) € A(NH)} = max { Tl

2.2. The monotone catenary degree

For the description and computation of the monotone catenary degree, we follow the
same two step procedure as in [3]. In order to formulate this precisely, we need some

definitions.

DEFINITION 2.2.1. Let H be a reduced atomic monoid.

1. For a € H, the equal catenary degree ceq(a) denotes the smallest N € No U {oo}
with the following property:
For any two factorizations z, 2z’ € Z(a) with |z| = |2/|, there exists a finite
sequence of factorizations (zg, 21, ..., 2x) in Z(a) such that zp = 2, zx = 2/,
d(zi—1,2) < N, and |z| = |z| for all i € [1,k].
If this is the case, we say that z and 2’ can be concatenated by an N -equal-length-
chain.
Also, ceq(H) = sup{ceq(a) | @ € H} is called the equal catenary degree of H.
2. For a € H, we define

Cad(a) = sup{d(Zy(a),Z;(a)) | k, | € L(a) are adjacent}

as the adjacent catenary degree of a.

Also, caq(H) = sup{cad(a) | a € H} is called the adjacent catenary degree of H.

Then we find
¢(H) < cmon(H) = sup{ceq(H), caa(H)}
by [3, (4.1)]. There exists an example that the tameness of a monoid does not imply the
finiteness of the equal catenary degree and therefore not the finiteness of the monotone
catenary degree; see [10, Example 4.5]. Unfortunately, there are no results about the
finiteness of the adjacent catenary degree in tame monoids. In subsection 2.2.4, we will
give a variant of the adjacent catenary degree, which can be shown to be finite in tame

monoids.
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2.2.1. peq(H) and the monoid of equal-length relations ~p eq-
Here we follow the same strategy as in subsection 2.1.1 for the definition of the R-relation

and the p-invariant.

DEFINITION 2.2.2. Let H be a reduced atomic monoid.

1. Two elements z, 2’ € Z(H) with |z| = |2/| are Req-related if

e cither z=2'=1

e or there exists a finite sequence of factorizations (zo, 21,...,2;) such that
20 = 2,2, = 2, m(2) = wy(zi), ged(zi—1,2;) # 1, and |z;| = |z| for all
i€l,k].

We call this sequence an Req-chain concatenating z and 2. If two elements
z, 2/ € Z(H) are Req-related, we write z ~oeq 2.

Obviously, z Req 2’ implies |z| = |2/].

2. Fora € H and k € L(a), let R, ), denote the set of Reqy-equivalence classes of Zj(a).

For a € H, we set
peq(a) = sup{k € L(a) | |Rq x| > 1}

and define pieq(H) = sup{pieq(a) | @ € H}.
Then peq(H) =0 if and only if |[R, x| <1 for all a € H and k € L(a).

LEMMA 2.2.3. Let H be a reduced atomic monoid and let x, y € Z(a) with min{|z|, |y|} >
Cmon(a)~
Then there is a monotone R-chain concatenating x and y, thus x = y; in particular, if

|z| = |y|, then x ~eq .

PROOF. Let a € H and z, y € Z(a) be such that min{|z|, |y|} > cmon(a). We may
assume that |z| < |y|. Then there is a monotone cyon(a)-chain concatenating x and y, say
20 =, 21,...,2k =Y. Since, for all i € [1, k], we have d(z;_1, 2;) < cmon(a) < |z| = |20/, we
have ged(z;—1, ;) # 1 for all i € [1,k]. Thus zo, ..., zx is a monotone R-chain concatenating
x and y, and therefore = ~ y. If |x| = |y|, then 2, ...,z is an equal-length chain, and

therefore x ~eq ¥. (I

THEOREM 2.2.4. Let H be a reduced atomic monoid. Then
Ceq(@) > preq(a) for all a € H, and ceq(H) = pleq(H).

PROOF. First we prove ceq(a) > pieq(a) for all @ € H. We may assume that cqq(a) < 0o
and fieq(a) > 1. Let N € N be such that N < peq(a). Then there exists k € L(a)
such that R,k > 1 and k& > N. Let z, 2/ € Zi(a) be such that z #eq 2/, and let
Z = 20,%1,...,%n = 2 be a ceq(a)-equal-length chain concatenating z and z’. Now we

choose i € [0,n — 1] minimal such that z %cq z;. Then z;_1 %e¢q 2i, and we find
Ceq(@) > d(zi—1,2) =k > N.

Now we prove fieq(H) > coq(H). We show that, for all N € Ny, all a« € H, and all
factorizations z, 2’ € Z(a) with |z| = |2/| < N, there is a peq(H )-equal-length-chain from z
to 2. We proceed by induction on N. If N =0, then z = 2/ =1 and d(z,2") = 0 < peq(H).
Suppose N > 1 and that, for all a € H and all z, 2’ € Z(a) with |z| = |Z/| < N, there
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is a fleq(H)-equal-length-chain from z to z’. Now let a € H and let z, 2 € Z(a) with
|z] = |2/| < N. If z #eq 2/, then peq(H) > peq(a) > |z| = d(z,2’). Now it remains to
show that, for any two factorizations z, 2’ € Z(a) with |z| = |2/| < N and z ~eq 2/, there
is a fieq(H )-equal-length-chain concatenating them. By definition, there is an Req-chain
20, .-, 2k With 20 = 2z, 2 = 2z, gi = ged(zi—1, 2:) # 1, and |z;| = |z| for all ¢ € [1,k]. By
induction hypothesis, there is a fieq(H )-equal-length-chain from g; Laiii to 9; Lz for all
i € [1,k], and thus there is a fieq(H)-equal-length-chain from z; 1 to z; for ¢ € [1, k]; thus
there is a pieq(H)-equal-length chain from z to 2. O

DEFINITION 2.2.5. Let H be a reduced atomic monoid.
~Heq={(2,y) € Z(H) x Z(H) | 7(z) = 7(y) and |z| = |y|} = {(z,y) €~nl 2] = |y[}
is called the monoid of equal-length relations of H.

By [3, Proposition 4.4.1], ~p¢qC~p is a saturated submonoid and hence a Krull
monoid, and, by [3, Proposition 4.4.2], ~pq is finitely generated if Hyeq is finitely

generated.

DEFINITION 2.2.6. Let H be a reduced atomic monoid. For a € H, we set

Aa(~Heq) = {(2,y) € A(~Heq) | 7(2) = aH™}.

LEMMA 2.2.7. Let H be a reduced atomic monoid, a € H, and z, 2’ € Z(a) such that

Z Feq 7.
Then (z,2") € Aq(~H,eq)-

PROOF. Let a € H and z, 2 € Z(a) be such that (z,2") ¢ Ag(~Heq). Then, trivially,
(2,2) ¢ A(~H.eq) and thus there are (z1,y1),. .., (k, Yr) € A(~H,eq) With & > 2 such that
(z,2")y = (z1,51) .- (T, yk). Then z =2 ... -z, 122 ... T, Y1+ ... Y = 2’ is an
Req-chain concatenating z and 2/, and therefore z ~eq 2. (I

THEOREM 2.2.8. Let H be a reduced atomic monoid. Then

Ceq(H) = sup{pieq(a) | @ € H, Ag(~Heq) # 0, |Rai| > 1 for some k € L(a)}
=sup{k e N|a e H, Ay(~Heq) #0, k € L(a), |Rar| > 1}.

PRrOOF. By Theorem 2.2.4, we have ceq(H) = peq(H) and, by Definition 2.2.2.2, the

second and the third equality are obvious. Thus it suffices to show that

{tteq(a) | @ € H, |Rq | > 1 for some k € L(a)} =
{teq(a) | a € H, Aa(~H,eq) # 0, |Rax| > 1 for some k € L(a)}.

The inclusion from right to left is clear. Now let a € H and k € L(a) be such that
|Rak| > 1. Then there exist z, 2’ € Zj(a) such that z #.q 2’. By Lemma 2.2.7, we find
(2,2") € Aa(~H,eq) # 0. a
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2.2.2. pad(H) and the monoid of monotone relations ~ g mon-
In principal, we follow again the same strategy as in subsection 2.1.1 and 2.2.1 for the
p-invariant and the peq-invariant. But here we cannot construct an equivalence relation

like the R-relation or the Rq-relation.

LEMMA 2.2.9. Let H be a reduced atomic monoid, a € H, and k, | € L(a).
Then

d(Zk(a),Z;(a)) = max{k,l} <= gecd(z,y) =1 forallx € Zy(a) and y € Z;(a).
PrOOF. The result follows immediately by Definition 2.1.13. O

DEFINITION 2.2.10. Let H be a reduced atomic monoid. For a € H, we set
tad(a) = sup{k € L(a) | d(Zx(a),Zi(a)) = k for | € L(a), | < k, | adjacent to k}.
Then we set jaq(H) = sup{paq(a) | a € H}.

LEMMA 2.2.11. Let H be a reduced atomic monoid, a € H, k, | € L(a) adjacent with
k<l, x€Zg(a), and y € Z;(a) such that there is a monotone R-chain from x to y.

Then paq(a) # 1.

PROOF. Let a € H, k,l € L(a) adjacent with k < [, = € Zi(a), and y € Z;(a) be
such that there is a monotone R-chain from x to y, say 29 = z, 21, . . ., 2, = y for some
n € N. Now choose ¢ € [1,n] minimal such that |z;| = [. Due to the minimality of i,
we find z;_1 € Zg(a). Since ged(zi—1,2;) # 1, we find d(Zg(a),Z;(a)) < I, and therefore
praa(a) # L. O

THEOREM 2.2.12. Let H be an atomic monoid. Then
Cad(a) > pad(a) for all a € H and caq(H) = paa(H).

PROOF. First let a € H. We show that caq(a) > pad(a), and then will caq(H) > paa(H)

follow by passing to the supremum on both sides. If p,q(a) = 0 or paq(a) = oo, this is
trivial. Now let paq(a) = k € N. Then there is [ € L(a) and | < k with [ adjacent to k.
Then, by Definition 2.2.1.2, cyq(a) > d(Zx(a), Z;(a)) = max{k,l} = k = paqa(a).
Now we prove paq(H) > caa(H). We must prove that caq(a) < paq(H) for all a € H.
Assume to the contrary that there is some a € H such that c,q(a) > paq(H). Let k € N be
minimal such that there is some [ < k and a € H such that k and ! are adjacent lengths
of a and caq(a) = d(Zk(a),Z;(a)). If d(Zk(a),Zi(a)) < k, then there are some = € Zy(a)
and y € Z;(a) such that g = ged(z,y) # 1. If b = 7y (g~'z), then k — |g| and | — |g| are
adjacent lengths of b and

cad(a) = d(Zx(a), Zi(a)) < d(Zg_4(b),Zi_ 14/ (D)) < caa(b),

and by the minimal choice of k we infer that c,q(b) < paq(H), a contradiction. O

DEFINITION 2.2.13. Let H be an atomic monoid and ~ g the monoid of relations of H.

Then we set

~Hmon= {(Z,y) €~n| |z| < |y|} for the monoid of monotone relations of H.

Unfortunately, ~ g monC~p is not saturated.



2.2. THE MONOTONE CATENARY DEGREE

DEFINITION 2.2.14. Let H be a reduced atomic monoid. For a € H, we set
Aa(NH,mon) = {(l‘,y) € A(NH,mon) | 77(55) = CLHX}-

LEMMA 2.2.15. Let H be a reduced atomic monoid, a € H, and let k, 1 € L(a) be
adjacent with k <.
If d(Zk(a),Zi(a)) =1, then (z,y) € Aq(~Hmon) for all x € Zy(a) and y € Z;(a).

PROOF. Let a € H, let k, | € L(a) be adjacent with k < [ and d(Z;(a),d(Z;(a)) =1,
and let € Zi(a) and y € Z;(a). Now suppose (z,y) ¢ Aq(~Hmon). Then, trivially,
(z,y) ¢ A(~Hmon) and there are (x1,y1),..., (2, yx) € A(~Hmon) With £ > 2 and
1] = |z1] < ... < |yg| — |z]- Then we set 2’ = a7 yrz. If jy1| — |z1] = 0, we find |2/| = k
and ged(2',y) # 1, a contradiction to d(Zg(a),Z;(a)) = I. Otherwise, if |yi| — |z1| > 0,
then k = |z| < |2/| < |y| =1, a contradiction to k and [ adjacent. O

THEOREM 2.2.16. Let H be a reduced atomic monoid. Then
Cad(H) = sup{tiaa(a) | a € H, Ag(~Hmon) # 0}
PRrROOF. By Theorem 2.2.12 and Definition 2.2.10, we find
Cad(H) = paa(H) = sup{paa(a) | a € H}.
Thus it suffices to show that
sup{itaa(a) | @ € H} = sup{jiaa(a) | a € H, Au(~prymon) ).

In fact, we only have to show that sup{pad(a) | a € H} < sup{pad(a)|a € H, As(~Hmon)}-
Now let a € H and p,q(a) = k € N. Then there is | € L(a) with [ < k, [ adjacent to k, and
d(Zy(a),Zi(a)) = k. Now let z € Z;(a) and y € Zi(a). Then we have ged(z,y) = 1. By
Lemma 2.2.15, we have (z,y) € Aa(~Hmon) # 0. O

2.2.3. The monotone catenary degree and some special situations.

COROLLARY 2.2.17. Let H be a reduced atomic monoid. Then

Cmon(H ) = sup({pteq(a) | a € H, Ag(~Heq), |Rak| > 1 for some k € L(a)}
U {Mad(a) | a€H, Aa(NH,mon)})~

PrOOF. The result follows immediately by Theorem 2.2.8 and Theorem 2.2.16. O

LEMMA 2.2.18. Let H be a reduced atomic monoid. Then
1. ceq(H) < sup{|yl| | (z,y) € A(~H,eq); T Feq Y}
2. caa(H) < sup{ly| | (z,y) € A(~Hmon), || <y, |2|.|y| € L7 (x)) adjacent, and
there is no monotone R-chain from x to y}.
3. cmon(H) <sup{ly| | (z,y) € A(~H,mon), there is no monotone R-chain from z to
y, and either |x| = |y| or |z|, ly| € L(ru(x)) are adjacent}.

PROOF.

1. The inequality ceq(H) < sup{|y| | (z,y) € A(~H,eq) has been proven in [3, Propo-
sition 4.4.3]. The slightly stronger statement here, follows immediately by the
definition of fieq(-); see Definition 2.2.2.2.
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2. By Theorem 2.2.16, we have c,q(H) < sup{pad(a) | a € H, Aq(~p mon) # 0}. Now
the assertion follows from Lemma 2.2.11, Lemma 2.2.15, and the definition of p,q(-),
see Definition 2.2.10.

3. The assertion now follows from
Cmon(H) = Sup{ceq(H), Cad(H)}, and A(NH,eq) - A(NH,rnon)' |

LEMMA 2.2.19. Let H be a reduced atomic monoid.

1. If H is half-factorial, then caq(H) =0 and cmon(H) = ceq(H) = c(H).
2. If a € H satisfies |L(a)| < 2, then paa(a) < t(H).

PROOF.

1. Since, for all a € H, |L(a)| = 1, we have no adjacent lengths, it follows that
Cad(H) = 0, and thus cmen(H) = ceq(H). As—in this special situation—every chain
of factorizations is an equal-length chain of factorizations, we get ceq(H) = c(H).

2. Let a € H e such that |L(a)| < 2. If |L(a)| = 1, then paq(a) = 0. Now suppose
IL(a)] = 2. If paa(a) = 0, then there is nothing to show. Now suppose paq(a) >
0. Then paq(a) = maxL(a), and thus ged(z,y) = 1 for all z, y € Z(a) with
|r| = minlL(e) and |y| = maxL(a). Let z,y € Z(a) with |x| = minL(a) and
ly| = max L(a) and choose v € A(H) such that x € Z(a) NuH*Z(H). Then there
isnoy € Z(a) NuH*Z(H) with |y| = |y|. Now we find

t(H) > t(a,uH™) > d(y,Z(a) NuH*Z(H)) = |y| = max L(a) = pad(a). O

2.2.4. The m-adjacent catenary degree.
Next we formulate another variant of the catenary degree, which is a somewhat similar to
the adjacent catenary degree and equals it in a special situation. The main difference is
that we can prove that the m-adjacent catenary degree is finite for tame monoids when m

is sufficiently large.

DEFINITION 2.2.20. Let H be a reduced atomic monoid.

1. Let a € H and M C N. Then we set
Zy(a) ={x €Z(a) | |x| € M}.
2. For a € H and m € N, we define
Cadm(a) = sup{d(Z(a), Zjj—mk)(a)) | k € L(a)}

as the m-adjacent catenary degree of a.
Also, cadm(H) = sup{cada,m(a) | @ € H} is called the m-adjacent catenary degree
of H.

Obviously, we find

=0 m < min A(H)

=cud(H) A(H)={n}and n <m < 2n.
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DEFINITION 2.2.21. Let H be a reduced atomic monoid. For a € H and m € N, we set

pad,m(a) = sup{k € L(a) | d(Zx(a), Zk—m k)(a)) = k}.
Then we set fiadm(H) = sup{jtadm(a) | a € H}.

Since the definitions of the m-adjacent catenary degree and of jiaq ., (H) are similar
to those of the adjacent catenary degree and p,q(H), we can now prove the analog of
Theorem 2.2.12.

THEOREM 2.2.22. Let H be a reduced atomic monoid and m € N. Then
Cad,m (@) > ftag.m(a) for all a € H and caqm(H) = ptaa,m(H).

PROOF. For m < min A(H), we have caqm(H) = 0 = ftaa,m (H) by definition. Now let
m € N and m > min A(H).
First we let a € H and show that caq m(a) > fad,m(a), after which caqm(H) > pad,m(H)
follows by passing to the supremum on both sided. If fiaqm(a) = 0 or pagm(a) = oo,
this is trivial. Now let piaqm(a) = k € N and [k —m, k) NL(a) = {l1,...,1,}. Then, by
Definition 2.2.20.2, caqm(a) > d(Zx(a), Zjg—mk)(a)) =k = ptagm(a).
Now we prove fiagm(H) > Cadm(H). We must prove that caqm(a) < paam(H) for all
a € H. Assume to the contrary that there is some a € H such that cagm(a) > fadm(H).
Let k£ € N be minimal such that there is a € H with caqm(a) = d(Zi(a), Zjp—p i (a)). If
d(Zk(a), Zjg—mn)(a)) < k, then there are some x € Zy(a) and y € Zj_p, )(a) such that
g =ged(z,y) # 1. fb=mp(g~ '), then k —|g[, [y| — |g| € L(b) N [k —[g] —m, k — |g]] and

Cadm(a) = d(Z(a), Zjk—m k) (@) < d(Zg_1g)(0); Zik—g|=mk—|g)) (D)) < Cadm(b),

and, by the minimal choice of k, we infer that caqm(b) < ftaam(H), a contradiction. [

LEMMA 2.2.23. Let H be a reduced atomic monoid and t(H) < co. Then

Cadm(H) < t(H)  for allm > t(H).

PROOF. Let m > t(H). By Theorem 2.2.22, it suffices to show that paq.m,(a) < t(H)
for all a € H. Let a € H. If p1aq,m(a) = 0, then there is nothing to show. Now suppose
Hadm(a) =k > 0. Then we have L(a) N[k —m, k) = {l1,...,l,} and d(Zx(a),Z;,(a)) =k
for all ¢ € [1,n]. Then ged(x,y) =1 for all x € Zi(a) and y € Z;,(a). Now let x € Zi(a),
y € Z;,(a), and choose u € A(H) such that y € Z(a) NuH*Z(H). We find

(2.2.1) t(H) > t(a,uH*) > d(z,Z(a) NuH*Z(H))
= min{d(z, Z;(a) N"uH*Z(H)) |l € L(a), l # k} > min{k,m + 1} = k = ptaq.m(a),

since m + 1 > t(H). O

Another interesting observation arising from the proof of Lemma 2.2.23 is the fact
that the crucial inequality (2.2.1) might fail for m < t(H) for some a € H (of course with
fad,m(a) > 0). Unfortunately, Lemma 2.2.23 can never be used to bound c,q(H) since
Cad(H) = Cadm(H) for m = min A(H) if #A(H) = 1, but then t(H) > m + 2 > m, and
therefore Lemma 2.2.23 does not hold for c,q(H).
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2.3. An algorithmic approach to the computation of arithmetical invariants

By [14, Theorem 3.7.1], the arithmetic of weakly Krull domains, e.g. some (non-
principal) order in an algebraic number field or R = F,[X",..., X" 1] with p € P
and n € N>o, can mostly be described by studying appropriate T-block monoids, i.e.
B(G,T,t) C F(G) x T. In this section, we exploit the results from [6], [7], [22], and
Section 2.1 and Section 2.2, mainly (2.1.1), Theorem 2.1.14.2, and Corollary 2.2.17 together
with recent programming techniques—see [15] and [20]—and parallelization to explicitly
compute various arithmetical invariants, namely the elasticity, the catenary degree, the

monotone catenary degree, and a bound for the tame degree of the studied domains.

2.3.1. Preliminaries about zero-sum sequences and T-block monoids.

In order to be able to describe the set of atoms of a T-block monoid precisely, we use the
terminology of sequences over finite abelian groups.

For our algorithmic considerations in the forthcoming sections, it will be very useful to
have some sort of order defined on the elements of a finite abelian group G. By the structure
theorem for finitely generated abelian groups, there are uniquely determined r € Ny and
ni,...,n, € N such that there is a group isomorphism ¢ : G — Z/nZ X ... x Z/n,Z and
1<ny|...|n.. Foriell,r), we choose [0,n;) as a system of representatives for Z/n;Z.
Now we can compare two elements g1, g2 € G by comparing ¢(g1) and ¢(g2) with respect
to the lexicographic order. For short, we simply write g1 < go respectively g1 > go.

In particular in subsection 2.3.4, we will need some kind of coordinate representation for
the elements of a T-block monoid, i.e. a monoid isomorphism mapping a T-block monoid
onto a submonoid of Z™ x Z/mZ % ... X Z/n,Z for some m, r € Ny and ni,...,n, €
N. Let G be a finite abelian group, 1" a finitely generated monoid, and ¢ : T" — G
a homomorphism. Let T = D; x ... X D, be a product of finitely primary monoids
D; C [pgi), cees pg?] X l/)\ix = 1/)\1 where r; € N, l/)\ix are finitely generated abelian groups for

€ [1,7]. Then there are uniquely determined /;, k; € Ny such that there is an isomorphism
oi D" = 7l x Z/ngi)Z X ... X Z/n,(;i) with 1 < ngi) | o] n,(;) for i € [1,r]. This
isomorphism can be extended to an isomorphism ¢; : D; — Nyt x qbi(l/?\ix) for i € [1,7].
Now there is an isomorphism ¢ = ¢1 X ... x ¢ : T — gi_)l(l/)\l) X ... X gi_)r(l/?\r) This again
can be extended to an isomorphism @ : F(G) x T — Ng#G x ¢(T). Now we can define the
desired isomorphism by restriction of ¢ to the T-block monoid B(G, T, ) as follows:
(2.3.1)

r k; ]
o = @|B(G,T,1) : B(G,T,1) = ¢(B(G,T,0)) c Ni¢ x [ (Ngi x 74 x [ Z/ng“z) .

i=1 j=1

2.3.2. The set of atoms A(G) of a block monoid.
Based on ideas from [15], we give an algorithm for the computation of the set of atoms A(G)
for a finite additive abelian group G. The problem of computing A(G) grows exponentially
in terms of #G, but, for very small groups as the ones involved in subsection 2.3.5, it can
be easily performed—sometimes even by hand. Unfortunately, we have to do some sort
of brute force search in the set of all S € F(G) with |S| < D(G). But with the algorithm
presented below, we can avoid most of the redundant checks and therefore speed up the

computation dramatically.
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Algorithm 1 Recursive Atom Search: A < RAS(A, S,%, B)
for all g € B do
S’ « Sg
if g < —0(5’) then
A+ AU{S (—o(9)}
end if
DI
B '+ 0
for all ¢’ € B do
if g+ ¢ € X then
YWY uiJs}
else
B'+ B'U{J'}
end if
end for
if #B’ > 0 then
A<+ RAS(A,5",Y, B
end if

end for

return A

Algorithm 2 Atoms Computation Algorithm 1: A(G) <— ACA1(G)
A« {0}
for all g € G\ {0} do
if g < —g then
A+ AUu{g(—9)}
end if
¥« {0,g9}
B+ G \ {07 _g}
S<+g
if #B > 0 then
A« RAS(A, 8,3, B)
end if

end for

return A

Since modular arithmetic on vectors with multiple coordinates is quite inefficient, it is
necessary for a fast execution of the RAS, Algorithm 2.3.2, to pre-compute the sums g+ ¢'.
This can be done once in the ACA1, Algorithm 2.3.2, before the main loop. For additional
details on speeding up this type of algorithms by special alignment of the pre-computed

data and on the parallelization aspects, the reader is referred to [15, Section 3].

2.3.3. The set of atoms of a T-block monoid.

LEMMA 2.3.1. Let G be a finite additive abelian group, T a reduced atomic monoid,
t: T — G a homomorphism, and B(G,T,t) C F(G) xT the T-block monoid over G defined
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by . Furthermore, let each class in G contain some p € P, and let v : Z(T) — F(G) be the
homomorphism generated by the extension of v onto Z(T) such that, for a factorization
z=ai-...-ap € Z(T) with a; € A(T) for i € [1,n], we have t(z) = t(ar) - ... t(an).

Then we have

(2.3.2) A(B(G,T,.)) =
{Sm(2) | S € F(G), z € Z(T), Si(z) € A(G),n >2: 3S;, € F(G), z € Z(T)
with S;jt(z;) € A(G) fori e [1,n]: Sim(z1) ...  Spm(zn) = S7(2)}

PROOF. Clearly, every atom a € A(B(G, T, 1)) is of the form a = S7(z) with S € F(G),
z € Z(T), and Si(z) € A(G). Now suppose we have n € [2,D(G)], S; € F(G), z; € Z(T),
Sit(z) € A(G) for i € [1,n] and S7(z) = Sim(21) - ... Spm(zn). Obviously then, a ¢
A(B(G,T,t)). Now the other inclusion is obvious. O

In general, it is very hard to calculate A(B(G,T,t)) explicitly by the characterization
in (2.3.2). But if we restrict ourselves to a finite group G and a finitely generated reduced
monoid T such that A(G), A(T), and c(a) for a € A(T) are all known explicitly, we can

formulate Algorithm 2.3.3 for the computation of the set of atoms of a T-block monoid.

2.3.4. Computing arithmetical invariants of a T-block monoid.
Throughout this section, we silently use the isomorphism defined in (2.3.1). Thus we only

have to work with submonoids
SCZ"™ XZ/MZ X ...xZ/n,Z with m,r € Ngand ny,...,n, € N

such that S = p(B(G,T,.)) (identify!), where G is an additively written finite abelian
group, 1" is a product of finitely many reduced finitely primary monoids of rank 1, ¢ : G — T
is a homomorphism, and ¢ is the isomorphism defined in (2.3.1). If T" is not the product of
only finitely many reduced finitely primary monoids of rank 1, then 7" would not be finitely
generated. Now we know A(S) explicitly, since, obviously, A(S) = ¢(A(B(G,T,t))) and
A(B(G,T,t)) can be computed explicitly by the ACA2, see Algorithm 2.3.3.

For the computation of the tame degree, we use Definition 2.1.13 and Theorem 2.1.14.2;
for additional reference on this computation, see [6, Section 4].

Now we are ready to describe the computation step by step.

2.3.4.1. Finding the elements of A(~g).
The first step is finding the elements of A(~g) explicitly. Unfortunately, this is a very hard
task. Probably, the most efficient way is the following one as described in [7, Sections 1
and 2].

1. Since we know A(S) explicitly, we can write the atoms of S in their coordinates as

vectors:

A(S) = {(agl), . .,agb),a;ﬂl mod n1,...,a  mod Np)yen e

m—+r
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Algorithm 3 Atoms Computation Alg. 2: A(B(G,T,t)) < AA2(G,T, A(G), A(T),)
A0
D <+ 0
for all S € A(G) do
if |S| > D then
D « |5]
end if
A+ AU{(S,1)}
end for
Fy« 0
for all a € A(T) do
for all (S,1) € A do
if 1(a) | S then
Fy + Fou{(t(a)~1S,a)}
end if

end for

end for
E+ 0
n<+1
while n < D and F,,_1 # () do
E+ EFEUF, 4
E + EF
E,+0
for all a € A(T) do
for all (S5,b) € A do
if ¢(a) | S then
F, « F,U{(t(a)71S, ab)
end if
end for
end for
n+<n+1
end while
return AUFyU...UF, 4

2. By [7, Section 2|, finding the elements of A(~g) is equivalent to determining the

minimal positive solutions of the following system of linear diophantine equations:

(2.3.3)
xlagl) + ...+ :Uka(lk) - yla(ll) - . = ykagk) =0
k k
xlaﬁ,ﬁr + ..+ xkainzﬂ, - ylagzﬂ, - ... = ykagnzﬂ, =0 mod n,
We write a solution (z1,...,2k,y1,.--,9k) as ((z1,...,2%), (Y1, -, Yk))-

3. Again, by [7, Section 2] and by [23, Section 2], finding the set of minimal positive

solutions is equivalent to finding the set of minimal positive solutions for the
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following enlarged system and then projecting back by the map and removing the

zero element (if appearing after the projection) from the set of solutions:

xlagl) + ... = ylagl) - ... =0
(2.3.4) :
xlagl_r + ... = ylaﬁ,ﬂﬂ - ...+ Tk — Ypgrny =0
o { NEFT < NEF — NE x Nk
((xlu"'vxk—l-'r))(ylr"7yk+7")) = ((‘T]«’"'7xk)7(y17"'7yk))'

One of the most efficient algorithms for finding these solutions is due to Contejean
and Devie; see [8]. Nevertheless, this might take a very long time since the problem
of determining the set of all minimal non-negative solutions of a system of linear

diophantine equations is well known to be NP-complete.

2.3.4.2. Removing unnecessary elements.
Clearly, elements of the form ((1,0,...,0), (1,0,...,0)) are minimal solutions. But as
elements of A(~g), these elements do not carry any information about the arithmetic of
S. Therefore we may simply drop them. Since, for any two factorizations, (z,y) € Z(S5)
is equivalent to (y,z) € Z(.S), we may also reduce the number of pairs by a factor of two.
This smaller set will be denoted by A(~g)* = {((z1,..., k), (Y1, Yk))s---}-

2.3.4.3. Computing the elasticity.
By our finiteness assumptions on 7', i.e. T is finitely generated, we know this set is finite.

Thus we can simply compute the elasticity using Proposition 2.1.9.2 as follows:

1+ ... +2 Yy1+...+ Yk
y1+...+yk’x1+...—|—xk

o(S) =max{ (@1 2n) W) € A<~s>*} .

2.3.4.4. Computing the catenary degree.
By Equation 2.1.1, we have to consider only elements a € S such that their factorizations
appear as part of an element of A(~g) and such that their sets of factorizations consist
of more than one R-equivalence class. Then we get the catenary degree by taking the
maximum over yu(a) for all those a € S.

2.3.4.5. Computing the tame degree.

After having computed Z(a) for all a € S such that A,(~g) # 0, we can apply Theo-
rem 2.1.14.1 for every u € A(S). Since there are only finitely many, we get the tame degree
as the maximum of these values.

2.3.4.6. Computing the monotone catenary degree. For computing the monotone cate-
nary degree, we compute the equal catenary degree cqq(S) and the adjacent catenary degree
Cad(S). We start with the adjacent catenary degree and proceed like in 2.3.4.1. We use
the fact that ~gmon= {(z,y) €~g| |z| < |y|} and again [7, Section 2]. Now finding the
elements of A(~gmon) is equivalent to determining the minimal positive solutions of a
system of linear diophantine equations.

Before we construct this finite system of linear diophantine equations explicitly, we

formulate a short lemma.

LEMMA 2.3.2. Let H be a reduced finitely generated atomic monoid.
Then ~ g mon s finitely generated.
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Algorithm 4 Recursive R-Class Finder: R < RCF(R,Z = {z1,...,2,})

r«{z}
Z+—7Z\{x}
n+<n-—1

Z={z,...,2y} {renumber}
141
while 7 < n do
for i =1ton do
if ged(z;,z) # 1 for some = € r then
rrU{z}
Z+ 7Z\{z}
n+<n—1
Z={z,...,2,} {renumber}
break
end if
end for
end while
RU{r}
if Z # () then
R + RCF(R, Z)
end if

return R

Algorithm 5 Catenary degree Computation Algorithm: c(S) < CCA(A(S), A(~s)*)
A0
for all (z,y) € A(~gs)* do
A+ AU{r(x)}

end for

c+0
for all a € A do
Ra < RCF(Z(a))
if #R, > 1 then
w < min{|z| | Ra}
if ¢ < p then
c+ 1
end if
end if
end for

return c

PROOF. Let H be a reduced finitely generated atomic monoid. Since ~yC Z(H)xZ(H)
is then a saturated submonoid of a finitely generated monoid, ~ g is finitely generated by
[14, Proposition 2.7.5]. Now assume ~p has n € N generators. Then the atoms of ~p can

be described as the minimal solutions of a system of finitely many, say k, linear diophantine
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equations in 2n variables as in step 2.3.4.1 above. Then the atoms of ~p mon can be
described as the minimal solutions of a system of k + 1 linear diophantine equations in
2n + 1 variables—see below for the explicit description of this system of linear diophantine

equations. Thus ~ g mon is finitely generated. O
The system is (2.3.3), with one additional variable z and one equation, namely,
1+ ...+xpr—y1—...—yp +2=0.

The coefficients at z are zero in all other equations. Now we have two possibilities.

e Either we proceed by the same steps as in 2.3.4.1 and solve this directly
e or we use the incremental version of the algorithm of Devie and Contejoud (see [8,
Section 9]) and the set A(~g), which we already computed in 2.3.4.1.

Next we can reduce the set of relations, which we must consider, as in 2.3.4.2. By
Theorem 2.2.16, we have to consider only elements a € S such that Ay (~gmon) # 0. Then
we get the adjacent catenary degree by taking the maximum over p,q(a) for all those a.
For the computation of the equal catenary degree, we must know the elements of A(~geq)-
But these are already known, since A(~g.cq) C A(~smon). Here we can again reduce the
set of relations which we must consider, as in 2.3.4.2. By Theorem 2.2.12, we have to
consider only elements a € S such that A,(~geq) # 0 and |Rq x| > 1 for some k € L(a).
Now this can be done by applying Algorithm 4 on Z(a) instead of Z(a). Then we get the
equal catenary degree by taking the maximum over fpeq(a) for all those a.

Now we find the monotone catenary degree by cmon(S) = max{caq(S5), ceq(S)}-

2.3.4.7. Reducing the computation time for the catenary degree.
If we are only interested in the computation of the catenary degree, we can speed up
the very time consuming computations in step 2.3.4.1 in the following way. In favor
of Equation 2.1.1, we may restrict our search for minimal solutions of the system of
linear diophantine equations (2.3.4) to solutions (zi,...,Zg4+r,Y1,---,Yk+r) such that
Sk 2 < c(S) and Y8, v < c(S). Of course, we do not know c(S) a priori, but we may
replace it with any upper bound—the better the bound, the faster the computation. In
our special situation of T-block monoids, we can find a reasonably good bound by [14,
Theorem 3.6.4.1] and by [14, Proposition 3.6.6]. Formulated in our terminology, these

results read as follows.

THEOREM 2.3.3. Let G be an additively written abelian group, T a reduced finitely
generated monoid, v : T — G a homomorphism, and B(G,T,t) C F(G) x T the T-block
monoid over G defined by v. Then

1. p(B(G,T,), F(G) xT) < p(T).
2. ¢(B(G,T,.)) < p(T)D(G) max{c(T),D(G)}.

Now we set C' = p(T')D(G) max{c(T"), D(G)} for the upper bound. Though this does not
speed up the search for minimal solutions itself that much, it is a very efficient (additional)
termination criterion in our variant of the algorithm due to Contejean and Devie; for
reference on the originally proposed algorithm, see [8].

Unfortunately, this method has one drawback for the computation of the elasticity and
the tame degree. As we no longer compute all minimal solutions to our system of linear

diophantine equations, we no longer compute all elements in A(~g), and therefore we
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cannot compute more than a lower bound for the elasticity in step 2.3.4.3 and for the tame
degree in step 2.3.4.5.

2.3.4.8. Computing the elasticity from an appropriate subset of A(~g).
In [9], Domenjoud proposed an algorithm for computing the set of minimal solutions of
a system of linear diophantine equations, which computes the set of minimal solutions
with minimal support in a first step. All other minimal solutions can then be found by
“appropriate” linear combinations of them using non-negative rational coefficients. With

this interesting fact in mind, we consider the following lemma.
DEFINITION 2.3.4. Let H be a reduced atomic monoid. For x € Z(H), we set
supp(z) = {u € A(H) | u | z}.

LEMMA 2.3.5. Let H be a finitely generated atomic monoid. Then

where A'(~g) = {(z,y) € A(~g) | supp(z) Usupp(y) is minimal}.

p(H) = sup {

(@.9) € Aom)}

PROOF. Let (z,y) € A(~p). Then there are n € N, (z;,9;) € A'(~py), ¢; € Q with
0 < ¢ <1 forie[l,n] such that

n

(z,y) = [[(zi, )"

i=1
Such a decomposition exists, since the equivalent one exists for the set of solutions of the

associated system of linear diophantine equations, see [9, Theorem 3]. When we pass to

the lengths, we find || = Y"1 ¢;|x;| and |y| = D" ¢i|y;|. This yields

|z - n ol 5 il
a'ly\ZISEI:Zq@-mI Zqz S Z ifyi| = ma "‘ [yl
=1

Thus we find

Since A'(~pg) C A(~p), the assertion now follows by Proposition 2.1.9.2. O

Thus we can restrict ourselves to the minimal solutions with minimal support for
computing the elasticity.
As far as computational performance is concerned, the most interesting point of this
approach is that there are straightforward optimizations of Domenjoud’s algorithm for

symmetric systems of linear diophantine equations like the one in (2.3.4).

2.3.5. Explicit examples F3[X?2, X3], Fo[X2, X3], and F3[X2, X5].
Let p € {2,3}. Let R = F,[X?, X?]. Then R is a one-dimensional noetherian domain with
integral closure R = F,[X] and conductor f = (R : R) = X2R, where X € R is a prime
element. Thus R is an order in the Dedekind domain ]?2, and X R is the only maximal ideal
of R containing f. Furthermore, RX=R* = . By the computations in [14, Special case
3.2 in Example 3.7.3], we have G = Pic(R) = F,,.
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2.3.5.1. F3[X?2, X3].

Now let p = 3. Since #G = 3, we write G = {0, e,¢€'}. Clearly—or by applying
the ACAL, see Algorithm 2.3.2—we have A(G) = {0,e€’,e? ¢*}. Now we apply [14,
Theorem 3.7.1] and switch to the block monoid, which is a T-block monoid over G, say
B(G,T,.) C F(G) x T, where T is the reduced finitely primary monoid generated by
A(T) = {X"g | n € {2,3}, g € G} and ¢ is the uniquely determinated homomorphism
t: G — T such that «(X"g) =g for all n € {2,3} and g € G.

Now we apply the ACA2 (see Algorithm 2.3.3).

1. Fy ={(0,1), (e€', 1), (e3,1), (">, 1)}
2. A={(X"g,9) [n€{2,3}, g€ G}
3. (S,l)GFo,SZO
(a) (X*0,0) € B={(X",0)|nec{2,3}}, ke{2,3}
(b) F1 ={(1,X"0) | n € {2,3}}
4. (5,1) € Fy, S = e€’
(a) (Xkg,9) e B={(X" h)|nec{2,3}, hc{e€}}, kc{23) gc{ee}
(b) Fr=FiU{(¢",X"g) | k €{2,3}, {9,9'} = {e. €'}
5. (S,1) € Fy, S=¢°, g € {e €}
(a) (X*g,9) € B={(X"g,9) | n€{2,3}, k€ {2,3}
(b) Fi = FiU{(¢*,X"g) [ n € {2,3}
ro= {(1 X"0) | n € {2 3}}U {(9.X"g") | n € {2,3},{g,9'} = {e,€}} U

—~

6.n:2

7. n <D(G) =3 and Fy # 0: true
(a) E = Py
(b) Fp =10
(c) (S,t)e F1,S=g, g€ {e €}

)
i) (X"g,9) € B={(X"g,9) |n€{2,3}}, g {e¢€}
) (5,1) = (1,X*(g+¢)) = (1, X%0), k € {4,5,6}, {g,9'} = {e, €'}
(iii) (8",¢) = (1, X¥0)(1,X*'0) e E=F\F, K + k' =k, K,k € {2,3}
(d) (S,t) € F1, S =g?% g€ {ee}
i) X’“g, )€ B={(X"g,9) |n€{2,3}, k€ {2,3}, g€ {e e}

ii)

(
(8',t) = (9, X"(g +g9)) = (9, X"q), k € {4,5,6}, {g,9'} = {e, €}
(iff) (,¢) = (1,X%0)(g, X*"g') € Ly

8. n<3and Fy # () false
9. A(B(G,T, L)) U F FhbUFRLUF, =FyUF;

Finally, we find

A(B(G, T, ) = {(0,1), (ee’, 1), (€%, 1), (¢, 1), (1, X20), (1, X30), (e, X 2€), (e, X&),
(¢, X%), (¢/, X3e), (€2, X2e), (€2, X3e), (%, X2€&'), (%, X3¢/}

Using the construction from the beginning of subsection 2.3.4, we find
T=NyxZ/3Z and B(G,T,.)=S cNjxZ/3L.
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Then, for the set of atoms, we find

A(S) ={(1,0,0,0,0),(0,1,1,0,0), (0,3,0,0,0), (0,0, 3,0,0), (0,0,0,2,0),
(0,0,0,3,0),(0,1,0,2,2),(0,1,0,3,2),(0,0,1,2,1),(0,0, 1,3, 1),
(0,2,0,2,1),(0,2,0,3,1),(0,0,2,2,2),(0,0,2,3,2)}.

Since the atom (1,0,0,0,0) is prime, we can restrict on a monoid S C N3 x Z/3Z with the
following set of atoms

A(S) ={(1,1,0,0), (3,0,0,0), (0,3,0,0), (0,0,2,0), (0,0, 3,0), (1,0,2,2),
(1,0,3,2),(0,1,2,1),(0,1,3,1),(2,0,2,1),(2,0,3,1),(0,2,2,2),(0,2,3,2) } .

Now we can find everything by using the algorithms presented at the end of subsec-
tion 2.3.4.

Even in the modified version of the algorithm in step 2.3.4.1—here the bound is 13.5—we
find about 7,500 minimal representations to consider after the reduction in step 2.3.4.2.
From those, we get c(F3[X?, X3]) = 3 in step 2.3.4.4. Since we did not compute all
minimal solutions, we find t(F3[X?, X3]) > 4 in step 2.3.4.5.
By using the alternative approach from subsubsection 2.3.4.8, we find p(F3[X?2, X3]) = 2.
2.3.5.2. Fo[X?2 X3].
Let p = 2. Then #G = 2, write G = {0,e}. Obviously—or by applying the ACAI,
see Algorithm 2.3.2—we have A(G) = {0, e?}. Now we apply [14, Theorem 3.7.1] as in
the case p = 3 and switch to the block monoid, which is a T-block monoid over G, say
B(G,T,.) ¢ F(G) x T, where T is the reduced finitely primary monoid generated by
A(T) = {X"g | n € {2,3}, g € G} and ¢ is the uniquely determinated homomorphism
t: G — T such that ((X"g) =g for all n € {2,3} and g € G.
Now we apply the ACA2, see Algorithm 2.3.3, as before and find

A(B(G,T,.)) = {(0,1), (e 1), (1, X20), (1, X30), (e, X?e), (e, X3e)} .
Using the construction from the beginning of subsection 2.3.4, we find
T=NyxZ/2Z and B(G,T,1)=S CN3xZ/2Z.
Then, for the set of atoms, we find
A(S) = {(1,0,0,0), (0,2,0,0),(0,0,2,0), (0,0, 3,0),(0,1,2,1),(0,1,3,1)} .

Since the atom (1,0,0, (_)) is prime, we can use the same arguments as in Lemma 1.2.16.4
and restrict on a monoid S C N3 x Z/2Z with the following set of atoms

A(S) ={(2,0,0),(0,2,1),(0,3,1),(1,2,1),(1,3,1)} .
By Theorem 2.3.3, we find
c(F2[X?, X°]) < p(T)D(G) max{c(T),D(G)} = 9.
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Since in this case step 2.3.4.1 can be performed easily without this bound, we compute all

atoms. Now, we find the following list of atoms after step 2.3.4.2:

((0,0,1,3,0),(0,0,0,0,3)),((0,1,0,0,1), (0,0, 1,1,0)), ((0,2,0,1,0), (0,0, 1,0, 1)),
((0,3,0,0,0), (0,0,2,0,0)), ((1,0,2,0,0), (0,0,0,0,2)), ((1,2,1,1,0), (0,0,0,0, 3)),
((1,3,0,0,0), (0,0,0,0,2)),((1,0,0,0,4), (0,0,0,6,0)), ((1,0,1,0,1), (0,0,0,3,0)),
((2,0,3,0,0),(0,0,0,3,1)),((3,0,4,0,0), (0,0,0,6,0)), ((1,0,2,0,0), (0, 1,0, 2,0)),
((1,0,3,0,0),(0,2,0,1,1)),((1,1,1,0,0), (0,0,0,1,1)), ((1,4,0,0,0), (0,0, 1,1, 1)),
((1,1,0,0,2),(0,0,0,4,0)), ((2,1,2,0,0), (0,0,0,4,0)), ((1,2,0,0,0), (0,0,0,2,0))

Given this list, we immediately find p(F2[X?2, X?]) = 2 in step 2.3.4.3.
Now we proceed with step 2.3.4.4. First we compute the elements involved in the atoms
and find

(37 97 1)7 (175? 1)’ (]‘76’ ]‘)7 (07 67 0)? (2767 0)’ (6? 12’ 0)7 (37 67 1)7
(4,9,0), (2,9,0), (2,5,0), (2,8,0), (4,8,0), (2,4,0).

Now we compute all factorizations for each of these elements and their decompositions into

R-classes:

(3,9,1) [(1,3,0,0,1),(1,21,1,0), (1,02 0,1),

(0, 1,0, 2, 1), (0,0, 1, 3, 0), (0,0, 0,0, 3)] 1 R-class
(1,5,1) [(0,1,0,0,1)] [(0,0, 1,1, 0)] 2 R-classes
(1,6,1) [(0,2,0,1,0)][(0,0,1,0,1)] 2 R-classes
(0, 6,0) [(0,3,0,0,0)] [(0,0,2,0,0)] 2 R-classes
(2,6,0) [(1,3,0,0,0),(1,0,20,0), (0,1, 0,2 0] [(0,0,0,0,2)] 2R-classes
(6,12,0) [(3,6,0,0,0), (33,2 0,0),(3,0,4,0,0), (24,0, 2, 0),

(2,3,0,0,2),(2,2,1,1,1), (2, 1,2, 2,0, (2,0, 2,0, 2),

(1,2,0,4,0),(1,1,0,22), (10,1, 3, 1), (10,0, 0, 4),

(0, 0,0, 6, 0)] 1 R-class
(3,6,1) [(1,20,1,0),(1,0,1,0,1), (0,0,0,3,0)] 1 R-class
(4,9,0) [(2,3,1,0,0),(20,3,0,0),(1,201,1),

(1,1,1,2,0), (1,0, 1,0, 2), (0, 0,0, 3, 1)] 1 R-class
(2,9,0) [(1,3,1,0,0),(1,0,3,0,0), (0,2,0,1,1), (0, 1, 1, 2, 0),

(0,0, 1,0, 2)] 1 R-class
(2,5,0) [(1,1,1,0,0)][(0,0,0,1,1)] 2 R-classes
2,8,0) [(1,4,0,0,0),(1,1,20,0), (0,2 0,2 0), (0,1, 0,0, 2),

(0,0,1,1, 1)] 1 R-class
(4,8,0) [(2,4,0,0,0), (21,2 0,0), (1,2, 0,2 0),

(1,1,0,0,2),(1,0,1,1, 1), (0, 0, 0, 4, 0)] 1 R-class
(2,4,0) [(1,2,0,0,0)] [(0, 0,0, 2, 0)] 2 R-classes

From this one deduces c(F2[X?, X3]) = 3 and D(F2) + 1 +t(S) = 6 > t(Fo[X?, X3]) >
t(S) = 3.
Next, we compute the monotone catenary degree. For this, we proceed as in step 2.3.4.6

and start with the adjacent catenary degree. We find the following list of atoms of the
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monoid of monotone relations:
((0,0,0,0,3),(0,0,1,3,0)), ((0,0,0,0,2),(0,1,0,2,0)), ((0,0,0,0,2),(1,0,2,0,0)),
((07 07 07 07 3)7 (17 27 17 17 0))? ((07 07 O? 0? 2)7 (17 37 O? 0’ O))? ((07 O? 0? 37 1)7 (27 O? 3’ O’ 0))7

(0,0,0,1,1),(1,1,1,0,0)
(0,0,2,0,0),(0,3,0,0,0)
(1,0,0,0,4),(0,0,0,6,0)
((1,0,2,0,0),(0,1,0,2,0)),

(0,0,0,2,0),(1,2,0,0,0
( ),(1,4,0,0,0
(1,0,1,0,1),(0,0,0,3,0
(1,0,3,0,0),(0,2,0,1,1)),

) ) 0707]"0’]‘7 07270’]"0 )

9 0707]‘7]‘?]‘ ) 07]‘70?07]‘ 9

(
(
( ,

) ( ), (( ) (

) ( ), (( ),(0,0,1,1,0
)s ( ), ((1,1,0,0,2),(0,0,0,4,0)),
) ( ), (( ) (

)
)
)
1,0,4,0,0),(0,3,0,0,2))

Next, we compute the elements involved in the atoms and find
(3,9,1), (2,6,0), (4,9,0), (2,5,0), (2,4,0), (1,6,1), (0,6,0),
(2,8,0), (1,5,1), (6,12,0), (3,6,1), (4,8,0), (2,9,0), (2,12,0).
The factorizations of these elements sorted by their lengths are

(3,9,1)
(2,6,0)
(4,9,0)

(2,5,0)
(2,4,0)
(1,6,1)
(0,6,0)
(2,8,0)

(1,5,1)
(6,12,0)

(3,6,1)

= ok W O 00 O O NN R W W N WN WD WWo O W N O e W

(4,8,0)
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(2,1,2,0,0), (1, 2,0,2,0)
(2, 4,0,0,0)

(2,9,0) (0,0,1,0,2)
(1,0,3,0,0),(0,20,1,1), (0, 1, 1,2, 0)
(1,3,1,0,0)
( )
( )
( )
( )-

(2,12,0) 0,0,2,0,2
1,0,4,0,0),(0,3,0,0,2), (0,2 1, 1, 1), (0, 1, 2, 2, 0)
1,3,2,0,0), (0, 4,0,20)

1,6,0,0,0

S NN B NUS SNO JURR < A

From this we deduce c,q(5) = 3.
In order to compute the equal catenary degree, we consider only the atoms which are in

the monoid of equal-length relations:
((0,1,0,0,1),(0,0,1,1,0)), ((1,0,1,0,1),(0,0,0,3,0)), ((1,1,0,0,2),(0,0,0,4,0))
((1,0,2,0,0),(0,1,0,2,0)), ((1,0,3,0,0),(0,2,0,1,1)), ((1,0,4,0,0),(0,3,0,0,2)).
Next, we compute the elements involved in the atoms and find
(1,5,1), (3,6,1), (4,8,0), (2,6,0), (2,9,0), (2,12,0).

Now we compute all factorizations for each of these elements and their decompositions into

R-equal classes.

(1,51) 2 [(0,1,0,0,1)][0,0,1,1,0)] 1 R-class
(3,6,1) 3 [(1,0,1,0,1)][(0,0,0,3,0)] 2 R-classes
4 [(1,2,0,1,0)] 1 R-class
(4.80) 4 [(1,1,0,0,2),(10,1,1,1),(0, 0,0, 4, 0)] 1 R-class
5 [(2,1,2,0,0),(1, 2,0, 2, 0)] 1 R-class
6 [(2,4,0,0,0)] 1 R-class
(2,6,0) 2 [(0,0,0,0, 2)] 1 R-class
3 [(1,0,2,0,0)][(0, 1,0, 2, 0)] 2 R-classes
4 [(1,3,0,0,0)] 1 R-class
(2,9,0) 3 [(0,0,1,0,2)] 1 R-class
4 [(1,0,3,0,0),(0,1 1,2 0),(0,20,1,1)] 1 R-class
5 [(1, 3,1, 0, 0)] 1 R-class
(2,12,0) 4 (0,0, 2,0, 2)] 1 R-class
5 [(1,0,4,0,0),(0,21,1,1),(0,3,0,0,2),(0,1,2 2 0)] 1R-class
6 [(1,3,20,0),(0, 40,2 0)] 1 R-class
7 [(1, 6,0, 0, 0)] 1 R-class

From this we deduce ceq(S) = 3. Now we find cmon(F2[X?, X3]) = cmon(S) = 3.
2.3.5.3. Fo[X?2, X5].
The results in this case differ slightly from then ones we obtained above. We have
#G = 2, say G = {0,e}. Again, we have A(G) = {0,e?}. Now we apply [14, Theorem
3.7.1] as before and switch to the block monoid, which is a T-block monoid over G, say
B(G,T,.) C F(G) x T, where T is the reduced finitely primary monoid generated by
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A(T) = {X"g | n € {2,5}, g € G} and ¢ is the uniquely determinated homomorphism
t: G — T such that ((X"g) =g for all n € {2,5} and g € G.
Now we apply the ACA2, see Algorithm 2.3.3, as before and find
AB(G,T,1)) = {(0,1),(e%,1), (1, X20), (1, X°0), (e, X%e), (e, X°e)} .

Using the construction from the beginning of subsection 2.3.4, we find

T=NyxZ/2Z and B(G,T,.)=S CN3xZ/2Z.
Then, for the set of atoms, we find

A(S) ={(1,0,0,0),(0,2,0,0), (0,0,2,1),(0,0,5,1), (0, 1,2,1),(0,1,5,1)} .

Since the atom (1,0,0,0) is prime, we can use the same arguments as in Lemma 1.2.16.4
and restrict on a monoid S C N3 x Z/2Z with the following set of atoms

A(S) ={(2,0,0),(0,2,1),(0,5,1),(1,2,1),(1,5,1)}.

Since, in this case, step 2.3.4.1 can be performed without any bound, we compute all atoms.
Now, we find a list of 25 atoms after step 2.3.4.2. Given this list, we immediately find
p(F2[ X2, X5]) = 3 in step 2.3.4.3. Now we proceed with step 2.3.4.4 and obtain t(S) = 4,
c(Fo[X?, X5]) = 5, and D(F)+1+t(S) = 7 > t(Fo[X?, X5]) > max{t(5), c(Fa[ X2, X°])} =
5. Next, we compute the monotone catenary degree. For this, we proceed as in step 2.3.4.6
and start with the adjacent catenary degree. We find c,q(S) = 5. Next we compute the
equal catenary degree and find ceq(S) = 6. Now we find cmon(F2[X?, X°]) = cmon(S) =
6 > 5 = c(F2[X2, X7]).
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CHAPTER 3

Applications to special non-principal orders in algebraic

number fields

3.1. Half-factorial orders in algebraic number fields and their localizations
3.1.1. Monoid-theoretic preliminaries.

DEFINITION 3.1.1. A monoid H is called finitely primary if there exist s, k € N and a

factorial monoid F' = [p,...,ps] x F* with the following properties:
] I’I\I{>< Cpr-... psF,
e (p1-...-ps)*F C H, and

e (p1-...-ps)'F ¢ H fori€[0,k).
If this is the case, then we call H a finitely primary monoid of rank s and exponent k.
Note that this definition is slightly more restrictive than the one given in [14, Definition
2.9.1]. By [14, Theorem 2.9.2.1], we get F' = H, and therefore H C H = [P1,---,Ds) x H* C
q(H).
Then, for i € [1, s], we denote by v, : q(H) — Z the p;-adic valuation of q(H).
Now let H C H = [p] x H* be a finitely primary monoid of rank 1 and exponent k. Then
we set Us(H) = {u € H* | p'u € H} for i € Np.

As a first observation, we find

Ui (H) = {Ifx PEU and W)U (H) C Ussy(H) for all 4, j € No.
H* i>k
DEFINITION 3.1.2. Let s € N, e = (e1,...,e5) € N°, k = (k1,...,ks) € N* and H C
H= [P1,--.,Ds] X H* be a finitely primary monoid of rank s and exponent max{ki,..., ks}.
Then H is a monoid of type (e, k) if
o v, (H) = e;Ng UN>y, for all i = [1, 5],
° p’fl-...-pljstCH.

LEMMA 3.1.3. Let H C H = [P1,-..,Ds] X H* be a reduced finitely primary monoid of

rank s and exponent k.

1. The following statements are equivalent:
(a) H is half-factorial.
(b) H is of rank 1 and vy, (A(H)) = {1}.
(c) H is of rank 1 and Uy (H))' = Uy(H) for all | € N.
If any of these conditions hold, then A(H) = {pie | e € Uy(H)}, (Uy(H))* = H*,
and H is a monoid of type (1,k).
2. If H is a half-factorial monoid of type (1,k) and ay,...,axy1, b € A(H), then there
are some by,...,bx € A(H) such that aj ... aps1 =0bby ... bg.
In particular, cpon(H) = c(H) <t(H) <k+1.
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PROOF.

1. (a)=(b). If H is of rank s > 2, then we find p(H) = oo by [14, Theorem
3.1.5.2 (b)]. Thus H is of rank 1. Now we prove #v,, (A(H)) = 1. [Then the
assertion follows since vy, (A(H)) = {n} with n > 2 implies v, (H) = nNy 2
N>, a contradiction.] Suppose #v,, (A(H)) > 1. Let n = minvy, (A(H)), m €
vp, (A(H))\ {n}, and ¢, n € H* be such that ple, pi'n € A(H). Now we find

()" = (pre)*(pi™ by

On the left side there are k atoms and on the right side at least k£ + 1—a contradic-
tion to H half-factorial.
(b) = (a). Since vy, (A(H)) = {1}, we have L(a) = {vp,(a)}, i.e. #L(a) =1, for
all a € H\ H*. Therefore, H is half-factorial.
(b) = (c). Since vy, (A(H)) = {1}, we have A(H) = {p1u | v € U1 (H)}. Thus, for
all | € N, we have Uj(H) C (U (H))'. Since we always have (U (H))' C Uy(H), the
assertion follows.
(c)=(b). Let | € N>9 and let ¢ € U;(H). By assumption, there are 1,...,¢; €
Ui (H) such that (pie1) - ... (p1e;) = ple, and therefore ple ¢ A(H); thus
s (ACH)) = {11,
Now we prove the additional statement. A(H) = {pie | € € Uy (H)} has already
been shown and (U (H))* = U,(H) = H* is obvious. The last statement fol-
lows immediately by considering the definition of a monoid of type (1,k); see
Definition 3.1.2.

2. Let H C [p1] x H* = H be a half-factorial monoid of type (1,k) and let
ai,...,aky1, b € A(H). By part 1, we have A(H) = {p1e | ¢ € U1(H)}. Then
there are 1,...,e541, n € Ui1(H) such that a; = pig; for i € [1,k + 1] and b = pi7.

Now we find

ar- ... apyr = (p1e1) . (prewga) = (i) (P~ e+ - eng)-

By part 1, (U (H))* = H*, and thus there are 7y,...,n, € Ui(H) such that
17_151 ce . Ek41 =M1+ ... Ng. Now we finish the proof by setting b; = pn; for

i€l,k]. O
The result of Lemma 3.1.3.2 is sharp as the following example shows.

EXAMPLE 3.1.4. Let H € H = [p] x H* be a half-factorial reduced finitely primary
monoid of rank 1 and exponent k — 1, with k > 2, such that H* = C2 = (e;) x {es) and
Ui (H) ={1,e1,ea}.

Then c(H) = k.

PROOF. By Lemma 3.1.3.2 we find ¢(H) < k; thus the assertion follows from the
equations

(Pel)k = <P€2)k =pF ]2“ =1 and ord(e;) =ord(es) =k,

since one cannot construct any shorter steps in between because of the minimality of the

order of ey respectively es. O
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3.1.2. Locally half-factorial orders.

DEFINITION 3.1.5 (cf. [14, Definition 3.6.3]). Let D be an atomic monoid.

1. If H C D is an atomic submonoid, then we define

p(H.D) = sup {

2. Let H C D be a submonoid and Go = {[u]p,/m|u € A(D)} C q(D/H). We say
that H C D is faithfully saturated if H is atomic, H C D is saturated and cofinal,
p(H,D) < 00, and D(Gp) < oo.

min Ly (a) aeH\DX}€R>OU{oo}.

min Lp(a)

LEMMA 3.1.6. Let D be a half-factorial monoid and H C D an atomic saturated

submonoid.
Then p(H,D) < 1.

PROOF. Let ¢ € D* N H. Then e | 1in D, and thus € | 1 in H, and therefore ¢ € H*.
Now we find p(H, D) < p(D) = 1, by [14, Proposition 3.6.6]. O

LEMMA 3.1.7. Let D be a monoid, P C D a set of prime elements, r € N, and let
D; C D; = [pi] ><lA)ZX be reduced finitely primary monoids such that D = F(P)x D1 X...XD,.
Let H C D be a saturated submonoid, G = q(D/H) its class group, and let G be finite.
Then
1. D is a reduced BF-monoid.
2. H C D is a faithfully saturated submonoid and H is also a reduced BF-monoid.

PRrOOF.
1. Since D is the direct product of reduced BF-monoids, D is a reduced BF-monoid.
2. Since, by part 1, D is a reduced BF-monoid, H is a reduced BF-monoid by [14,
Proposition 3.4.5.5]. Since G and r are finite, H C D is faithfully saturated by [14,
Theorem 3.6.7]. O

The following lemma offers a refinement of [14, Theorem 3.6.4] for faithfully saturated
submonoids H C D such that p(H, D) = 1.

LEMMA 3.1.8. Let D be a reduced atomic half-factorial monoid, H C D a faithfully
saturated submonoid with p(H,D) =1, G = q(D/H) its class group, let D = D(G) be its

Davenport constant, and let each class in G contain some u € A(D).

Then
c(H) < max { {(D;_DC(D)J ,D2} .

PrROOF. We start by developing the same machinery to compare the factorizations
in H with those in D as in [14, Proof of Theorem 3.6.4]. Let ngy : Z(H) — H and
7p : Z(D) — D be the factorization homomorphisms and let Y = 7' (H) C Z(D). Let
f +Z(D) — D/H be defined by f(2) = [7p(z)|p/g- Then f is an epimorphism and
Y = f~1(0). Now [14, Proposition 2.5.1] implies that Y C Z(D) is saturated, that Y is a
Krull monoid, and that f induces an isomorphism f*:Z(D)/Y — D/H, since Y C Z(D)
is cofinal. By [14, Theorem 3.4.10.5], we have c(Y") < D, and by [14, Proposition 3.4.5.3]
it follows that |v| < D for all v € A(Y). If v € Y, then there exists a factorization
y € Zy(mp(v)) such that |y| < |v].
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If Z €Y and z € Z(H), then we say that z is induced by Z if z = 21 - ... 2z, and
Z=2Z1-... %y, where Z; € A(Y) C Z(D), z; € Zu(np(%;)) and |z;| < |Z;| for all j € [1,m)].
If z is induced by Z, then 7y (z) = mp(2) and |z| < |Z|. By definition, every factorization
Z € Y induces some factorization z € Z(H). Also, if z is induced by Z and 2’ is induced by
Z', then zz’ is induced by zZ’.
Ifx=wui-...-uy € Z(H), where u; € A(H) and @; € Zp(u;), then @; € A(Y') and |a;| < D
for all j € [1,m] by [14, Proposition 3.4.5.3]. Hence x is induced by & =y - ... - Uy, and
|z| < D|x|.
We prove the following assertions:
AO Let Z2€ Y with Z2=ay ... anby - ... by, where ai, ... ,apm, b1,...,b, € A(H),
lar]p/ar = ... = lam]p/mr = Op;m, and [b]p/m, ..., [ba]p/r # Opym- For any
z € Z(H) such that z is induced by Z, we have |z| =m + |5 ].
A1l For any z, ' € Y, there exist z, 2’ € Z(H) such that z is induced by Z, 2’ is induced
by Z, and d(z,2') < {%d(%, 2’)J.
A2 Tfae H, Z €Y, and 2, 2 € Zg(a) are both induced by Z, then there exists a

D2-chain of factorizations in Zp(a) concatenating z and z’.

PrROOF OF AO. Let Z€ Y withZ=aq-...-amb1-... by, where aq, ..., am, b1,...,b, €
A(H), [alp/g = ... = lam]lp/g = 0, and [lp/g = ... = [bp]p/g # Op/m- Let
now z € Z(H) be induced by zZ. We have a; € A(H) for all i € [1,m] and—after
renumbering if necessary—>b1 - ... bj, bj41 ... bjy, ... bj 41 ... - bj, € A(H) for
some k € Nand 1 < j1+1 < jo < jo+1< ... < jr1+1 < jr < n such that
ap - ..o am(br oo b ) (bjigpr oo bgy) oo (b 41 - .. - bj,) = z. Then we have
|zl =m+ |5]. O

PROOF OF Al. Suppose that 2z, 2 € Y, w = ged(Z,2') € Z(D), Z = wy, and 2’ = 0F/,
where ¢, 7' € Z(D). By [14, Proposition 3.4.5.6], there exists some 1wy € Z(D) such that
wo | W, Wy € Y, and |wg| < (D — 1)|g|. We may assume that there is no a € A(D) with
a | wo and [a]p/g = 0. We set w1 = Wy M. Since 2 = 1y (wof) € Y and wof € Y, we
obtain w; € Y, and since Z' = w1 (wog’) € Y it follows that wog’ € Y. Let v, u, v’ € Z(H)
be such that v is induced by @, 1, u is induced by wo§ and u’ is induced by j’. Then

2z = wv is induced by wj = Z, 2’ = v/v is induced by @y’ = 7/, and, by part A1,

O

e, ) < macllul, o} < mas{ g 171} + | 122 < |

D+1, . N,)J
2 1~ ’ '

5 d(z,z

PROOF OF A2. For every 0 € A(Y'), we fix a factorization v* € Z(H) which is induced
by 0, and, for y =01 -...-0s € Z(Y), we set y* =0} -...-0F € Z(H). Then y* is induced by
my (), 5] < 7y (5)] < DIgl, and if g, o € Z(Y), then d(7,73) < | P d(7, )| by AL

Let now z, 2’ € Zg(a) be both induced by Z. Then Z = 0y-...-0p = 0} -...-0s, 2 = V1. .. Uy,
and 2’ = v} -... v, where ¥;, 0, € A(Y), v; is induced by ©;, and v} is induced by ¢}. Since
y=01-... -0 €Zy(2),y =0, -...- 0., € Zy(Z), and c(Y)) < D, there exists a D-chain

Y =Y0,Y1,---,4 =Y in Zy(Z) concatenating y and ¢’ in Zy(Z). Then y3,vf,...,y; is

a D-chain in Zy(a) concatenating y* and y™*. We have g5 = o -...- 0}

Ny 2 =U1 ... Uy,

and since both v; and v} are induced by @, it follows that max{|v;|, |v}|} < |0;| < D. For

i €[0,r], weset z; =07 -...-Ofviqy1 ... - v, € Zg(a). Then z = 29, 21,...,2, =y  is a
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D2-chain concatenating z and ¢*. In the same way, we get a D-chain concatenating ¢"* and

2'. Connecting these three chains, we get a D?-chain in Zg(a) concatenating z and 2. [

Suppose that ¢ € H and z, 2/ € Zg(a). Let Z, 2 € Y be such that z is induced by 2z
and 2’ is induced by z’. Then z, Z € Zp(a), and therefore there exists a c(D)-chain
Z=2%p,%21,...,4 =% in Zp(a). For i € [0,] — 1], A1 gives the existence of factorizations

2, 2 € Zy(a) such that z; is induced by Z;, z/ is induced by Z;y1, and d(z],2/) <
{% (D)J By A2, there exist D2-chains of factorizations in Zy(a) concatenating z and
20, z; and z;; for all i € [0,1 — 1], and 2_; and 2’. Connecting all these chains, we obtain

a max { {WC(D)J , DQ}—Chain concatenating z and 2’ O

LEMMA 3.1.9. Let D be a monoid, P C D a set of prime elements, r € N, and let
D;C D; = [pi] ZA)ZX be reduced half-factorial but not factorial monoids of type (1,k;) with
k; € {1,2} fori € [1,7] such that D = F(P) x Dy X ... x D,. Let H C D be a saturated
submonoid, G = q(D/H) its class group, and let G be finite such that each class in G
contain some p € P.

Then

1. 2 < ¢(D) = max{c(D1),...,c(D;)} < max{ki,...,k} +1 < 3 and D is half-
factorial.
In particular, c(D) =2 and t(D) =2, if ki1 = ... =k, = 1.
2. If #G =1, then c(H) = c(D), t(H) = t(D), and H is half-factorial.

3. If #G > 3, then (D(G))? > c¢(H) > 3 and min A(H) = 1.

4. If #G =2, then c(H) < 4 and p(H) < 2.

PROOF.

1. By Lemma 3.1.7.1, D is atomic. Trivially, we have c¢(F(P)) = 0. By Lemma 3.1.3.2
and the fact that D; is not factorial, we find 2 < c(D;) < k;+1 <3 forall i € [1,7].
By Lemma 1.2.18.3, we find

¢(D) = max{c(F(P)),c(Dy), ... <(D,)}

= max{c(D1),...,c(D,)}

=max{ki,...,k-}+1<3.
Thus the first part of the assertion follows. Since D is the direct product of
half-factorial monoids, D is half-factorial by Lemma 1.2.18.4. We have t(D;) = 2 if
k; =1 for all ¢ € [1,7] by Lemma 3.1.3.2. Now t(D) = 2 follows by Lemma 1.2.18.6.

2. Here we have H = D and thus the assertion follows from part 1.

Before the proof of the two remaining parts we make the following observations. By
Lemma 3.1.7.2, H is atomic, H C D is a faithfully saturated submonoid, and, by
Lemma 3.1.6, we have p(H, D) < 1.

3. By part 1, we have ¢(D) < 3, by Lemma 1.2.17.1, we have min A(H) = 1, and, by
[14, Lemma 1.4.9.2], we have D(G) > 3. Using [14, Theorem 3.6.4.1], we find

3 < D(G) < ¢(H) < p(H, D) max{c(D),D(G)}D(G) = (D(G))*.

4. Since #G = 2, we have D(G) = 2, and since D; X ... x D, is half-factorial, i.e.
p(Dy x ... x D) =1, we find p(H) < 2 by Lemma 1.2.17.2. When we apply



3.1. HALF-FACTORIAL ORDERS IN ALGEBRAIC NUMBER FIELDS AND THEIR
LOCALIZATIONS

Lemma 3.1.8, we find

c(H) < max { L(D(G) + 1)°(5)J ,D(G)Q} < {m ,4} =4, O

DEFINITION 3.1.10. Let D be a monoid, P C D a set of prime elements, and 7" C D
a submonoid such that D = F(P) x T. Let H C D be a saturated submonoid, G =
q(D/H) = q(D)/q(H) its class group, Go = {[p]p/u | p € P} C G the set of all classes in
G containing some p € P, and let B(Gy,T,t) be the T-block monoid over G defined by
the homomorphism ¢ : T' = G, «(t) = [t|p/n-
For a subset S C B(Go, T, ) and an element g € Gy, we set Sy = SN~ ({g}).

LEMMA 3.1.11. Let D be a monoid, P C D a set of prime elements, r € N, and let
D; C D; = [p;] x D;” be reduced half-factorial monoids of type (1, k;) with k; € {1,2} for
all i € [1,r] such that D = F(P) X Dy X ... X D,. Let H C D be a saturated submonoid,
G = q(D/H) its class group with #G = 2, say G = {0, g}, let each class in G contain
some p € P, and define a homomorphism v : Dy X ... X D, — G by 1(t) = [t]p/u-
Then we find the following for the atoms of the (D1 X ...x D,.)-block monoid over G defined
by ¢, i.e., B(G,Dy X ... X Dy, 1):
A(B(G,D;1 x ... x Dy,1))
= {0792}
U{pie | i € [1,7], e € Ur(Dy), t(pic) = O}
U{pieg | i € [1,7], e € Uh(Dy), u(pig) = g}
Uipielie (L) e € (Di o\ Wh(Di))’)
U{pipjeic; | i, 7 € [L,7], i # j, & € Ur(D;), €; € Ur(Dy), w(pici) = t(pjej) = g}
PRrROOF. For short, we write B = B(G,D; x ... X D,,t). Since #G = 2, we have

D(G) = 2, and thus every atom of B is a product of at most two atoms of F(G)x Dy x...xD,.
First, we write down all atoms of F(G) x D; X ... x D,, namely

A(F(G) x Dy x ...x D,) =10, g} UU{pZ‘E leelh(Dy)},

i€[1,r]
by Lemma 3.1.3.1. Now, we find
AF(G) x Dy x ...x D) NB={0}U{pie | i € [1,r], e € U1(D;), t(pic) = 0}, and
A(F(G) x Dy x ... x Dr)\ B=A{g} U{pic | i € [L,7], e € Uh(Dy), u(pic) = g} -

By Lemma 3.1.7, D and H are reduced, and therefore e;6; ¢ B for all i, j € [1,7],
i # j, & € Ui(D;), and €; € Uy(D;). Thus the following products of two atoms of
F(G) x Dy X ... x D, are atoms of B:

A(B) >{¢*}
U{pieg | i € [1,7], e € Us(D;), u(pie) = g}
Ulpiz i € [1,1], 2 € (D; )o \ (U (Di)p))*}
U{pipjeicj | i, j € [1,7], i # j, e; € U1(D;), €5 € Ur(D;), t(pici) = t(pje;) = g} -

Since we have run through all possible combinations, the assertion follows. O
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LEMMA 3.1.12. Let D = F(P) x D1 X ... x D, be a monoid, where P C D is a set of
prime elements, r € N, and, for all i € [1,r], D; C [p;] X l/)\ix is a reduced half-factorial but
not factorial monoid of type (1,1). Let H C D be a saturated submonoid, G = q(D/H) its
class group, #G = 2, and let each class in G contain somep € P. Letv: D1 x...xD, = G
be defined by 1(t) = [t]p/m, and denote by B(G, D1 x ... x Dy, 1) the (D1 X ... x D;)-block
monoid over G defined by v and set |- |5 = |- |(@,Dyx...x Dy )-

1. If (%,y) €~B(@,Dix...xD,u) With |y|s > |z[g and |y|s > 5, then there is a monotone
R-chain concatenating x and y; in particular, v ~ y, and if |x|p = |y|B, then
T Req Y-

2. Additionally,
Cmon(B(Gv Dy x ... x DTaL) < Sup{|y‘8 | (x,y) € ‘A(NB(G,Dlx...XDT,L))7 |$|B < ’y|8 < 4}

PROOF. Let #G = 2, say G = {0,g}. By Lemma 1.2.16.4, we set B(G, Dy x ... X
D,,.) =1[0] x B with B={S € B(G,D1 X ...x D,,t)|0¢%S}. Before we start the actual
proof, we establish some machinery to deal with factorizations in I and their lengths more
systematically.

We set Dy = F({g}), whence A(Dgy) = {g} and Z(Dy) = Dy. We define ¢ : Dy — G
by 1(gF) = kg for all k € Z. For i € [0,7], let m; : Z(D;) — D; be the factorization
homomorphism. We set D' = Dy x ... x D, and obtain A(D’) = A(Dy)U...UA(D,). If
a=ap-...-ar € D', where a; € D; for all i € [0,r], then we set t(a) = t(ag)+e(ar-...-a;) =
t(ap)+...+t(a;). Thent: D" — G is a homomorphism and B = ¢ ~(0) C D' is a saturated

submonoid, whose atoms are given by the following assertion A1l.

A1l An element z € Dy X -...- xD, is an atom of B if and only if it is of one of the
following forms:
— z =a € A(D;) for some i € [1,r] and ¢(a) = 0.
— ¢ = aja, where a; € A(D;), ag € A(Dj), for some i, j € [0,7], i # j, and
t(ar) = tlaz) = g.
— = = ajag, where ay, ag € A(D;) for some i € [0,r] such that ((v) = g for all
v e A(D;).

We will call the atoms of the third form pure in i.

PROOF OF A1l. By the listing of all atoms of B(G, Dy X...x D;,¢) in Lemma 3.1.11 and
the fact that A(B) = A(B(G, D1 X ...x D,, 1))\ {0}, we must only show the last statement
in the case i € [1,r]|. Suppose there are a;, as € A(D;) such that a = ajas € A(B). Then,
obviously, ¢(a1) = t(az) = g. Now we assume, there is some v € A(D;) with ¢(v) = 0.
By Lemma 3.1.3.2, there is v' € A(D;) such that ajas = vv/, and then ((v') = 0, a

contradiction. 0

Let ' = Z(D') = Z(Dy) % ... x Z(D,) = F(A(D")) be the factorization monoid of D’.
Then 7 = 79 X ... x 7, : F' — D’ is the factorization homomorphism of D’. We denote
by |- | = |- |F the length function in the free monoid F', and for z, y € F' we write = | y
instead of = |p y. For a € A(B), let 6y(a) € 7 (a) C Z(D') be a factorization of a in
D'. If a € A(D'), then 6y(a) = a; otherwise 6y(a) = ajay € F for some aq, az € A(D')
such that a = ajag in D'. By A1, #7!(a) = 1 unless a is pure in i for some i € [1,7].
Let 0 : Z(B) — F be the unique monoid homomorphism satisfying |.A(B) = 6. Then 6
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induces the following commutative diagram

Z(B) L~ F = 7(D')

lm |7

[ [ —

where 7 denotes the factorization homomorphism of B and the bottom arrow denotes the
inclusion. For z € Z(B), we set |z| = |#(x)|. For z € Z(B), we define its components z; €
Z(D;) fori € [0,7] by 6(z) = zo-...-x,. Then mof(x) € B implies tomg(zg)+. . .+rom(x,) =
0. For i € [0,7], we set & = wj1 ... Uik, Vi1- ... Vi, where u; j, v; ; € A(D;), t(u;;) =0,
and «(v; ;) = g. We define z}, 2 € Z(D;) by o, = w1 ... u, and ] = vi1 ... viy,,
whence z; = 22! . In particular, |z{| = 0, z¢o = z(, and ¢ o m;(z;) = lig = |z!/|g. Therefore
we obtain |z(| 4+ ...+ |2)/| =0 mod 2. If i € [1,7] and a € D; is such that a | 2, then
a|p x. In Z(B), there is a factorization z = uy - ... Upv1 - ... - Uy, Where u;, v; € A(B),
|uj| =1 for all j € [1,m], |vj| =2 for all j € [1,n], and we obtain

T

T 1 T 1 T
m = Z |Zi|, n= 52 |z/|, and |z|p=m+n= 52(]3:1] + |z]) < Z |4
i=1 i=0 =0 =0
Assume now that z =z ... -z, y =yo - ... yr € Z(B) are as above, and suppose that
(z,y) €~g. Then xg = yo, |x;| = |yi| (since each D; is half-factorial), m;(x;) = mi(y;) € D;,
"

thus ¢ o m;(x;) = Lo m;i(y;) € G, and therefore |2/| = |y/| mod 2 and |z}| = |y;| mod 2 for

all 7 € [1,7]. Consequently, it follows that the following are all equivalent:
* [z < |y|s
o Do lwl < X [yl
o >y |zil = i v

Additionally, we find

T T

2lzlp =Y (ol + [2i]) = D (lwil) = lyls,
i=0 i=0

and thus |y|p > 5 implies |z|p > 3.
Before we start with the actual proof of part 1 of Lemma 3.1.12, we prove the following

reduction step.

A2 In the proof of part 1 of Lemma 3.1.12, we may assume that |z;| = |y;| > 2 for all
iel,r].

PRrOOF OF A2. If i € [1,7], then |z;| = 0 if and only if |y;| = 0, and in this case we
may neglect this component. If |x;| = 0 for all ¢ € [1,r], then there is nothing to do. If
i € [1,r], then |z;| = 1 if and only if |y;| = 1, and then x; = y; € A(D;). Suppose that
i€ [l,r] and |x;| = 1. If ¢(x;) = 0, then x; € A(B) and z; is a greatest common divisor of
x and y in Z(B), hence (z, y) is a monotone R-chain concatenating = and y. If «(z;) = g,

then we set & = gz; 'z, § = gy; 'y, and then (Z,7) € ~g, |#;] = |7i| = 0, and whenever
there is a monotone R-chain concatenating & and ¢, then there is a monotone R-chain

concatenating x and y. [l

Now we are ready to do the actual proof of the lemma. Suppose that (z,y) €~g with
lyls > 5, lyls > |z, c =20 ... T, Yy =Yo - - Yp, T = i), yi = yiy) as above, and

|zi| = |yi| > 2 for all ¢ € [0,r]. We shall use Al and Lemma 3.1.3.2 again and again
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without mentioning this explicitly. Of course, we may assume that there is no a € A(B)
such that a |3 = and a |g y, since then there is, trivially, a monotone R-chain concatenating
x and y. For now assume |x|p > 4; the remaining case, where |z|g = 3, will be studied at
the end of the proof after Case 3.
Case 1. There is some i € [1, 7] such that |2}| > 1 and |y| > 1.

Case 1.1. There is some i € [1,r] such that |z;|" > 2 and |y}| > 1.
Let ai, as, b € A(D;) be such that ajas | 2 and b | y;. Then there is some b’ € A(D;) such
that ajaz = bb'. Then (V') = 0, and if x* € Z(B) is such that z = ajasx™, then x, bb'z*, y
is a monotone R-chain concatenating x and y.

Case 1.2. There is some i € [1,r] such that |z}| =1 and |y}| > 1.
Then z} € A(B). Let a, b € A(D;) be such that a | 2/ and b | yj. Let u € A(F) be such
that au € A(B) and au |g z. Since = € A(D;), we obtain u ¢ A(D;). Let b’ € A(D;) be
such that zja = bb', whence +(b') = g and V'u € A(B). If x = 2} (au)x*, where z* € Z(B),
then |2*|g > 1, and z, b(b'u)z*, y is a monotone R-chain concatenting x and y.
Reduction 1. By Case 1, we may now assume that, for all ¢ € [1,r], either |2}| = 0 or
lyi| = 0. In particular, if || > 1, then |y/| = 0, and therefore |x}| > 2, since |z}| = |y}|
mod 2. Similarly, if |y}| > 1, then |y}| > 2.
Case 2. There is some i € [1,7] such that |y} > 1.
In this case, |z;| = 0 by Reduction 1, hence |y| > 2 and |z]/| > 2. Let b € A(D;) be such
that b | y;. Now we must distinguish a few more cases based on |z|g and |y|s.

Case 2.1. |z|p = |y|.
Note that in this case |z|g = |y|g > 5. We assert that there is some j € [1,r] \ {i} such
that [y} < [=]. Indeed, if [y} > [#%] for all j € [1,7]\ {i}, then

T T T
DA B TARS B A
v=1 v=1 v=1
v#£i
and therefore |z|s < |y|s, a contradiction. By Reduction 1, we obtain [y}| = 0, hence
lyj| > 2, and |z}| > 2. We write  in the form

x = (a1uy) - ... (apug)(ag+1uy) - -« - (@preuy)(€1ups1) < - - - (€5Uk+s)T,

" " * *
where k, s,t € No, 7 = a1 ...« Qggt, Tj = UL - Upgs, UL, .- 5Uf, €1,...,65 €

A(F)\ (A(D;) UA(D;)), k +t > 2, and

r r
F=(e;-... e ! Hacly H 2! € Z(B).
o R ory

Let c1, c2, di € A(Dj) be such that cica | :L';», dy | y;’, and choose dy € A(D;) such that
c1c2 = dyda, whence 1(dg) = g.

Case 2.1a. ¢t > 2.
Choose som O € A(D;) such that agijakie = bb'. Then (b)) = 0, dyui, doul €
A(B), and we set © = (agyiu})(agroud)cicor™, where z* € Z(B) and |z*|p > 1. Now
x, b/ (dyut)(doud)x™®, y is a monotone R-chain concatenating = and y.

Case 2.1b. t = 1.
Note that |z]| = k41 > 2 implies k > 1. Assume first that there is some v € A(B) such that
lv]| =2and v | Z, say v = vv", where v/, v € A(F)\ (A(D;)UA(D;)) and ¢(v') = 1(v") = g.
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Then it follows that a1v’, u1v” € A(B), and we set x = (ajuy)(agsiv1)(W'0")x*, where
z* € Z(B) and |2*|p > 1. We set 2/ = (a1v”)(ak1v1)(urv”)a*, then o’ € Z(B), (z,2') €~p,
and x ~eq @’. Hence, (2/,y) €~p, 2’ ~eq y by Case 2.1a, and therefore = ~eq y.

Now we set u} = u, and we let m € [0,7] \ {7, j} be such that u € A(D,,). We write x in

the form
r = (aruy) - ... (apug)(agr1v)(e1ugr1) < - - (€sUpts) H z,,, where s+ 1= Z |z
e oy

We may assume that |z],| = 0 for all n € [1,7] \ {m,j}. Indeed, let n € [1,7]\ {m,j}
be such that |z}, > 1. Then |2}| > 2, |y,| = 0, and |y/| > 2. Let vy, v2, w1 € A(D,,)
be such that vivy | 2], and wy | ¥/, and choose b; € A(D;) and wy € A(D,,) such that
ajaky+1 = bby and vivy = wiwse. Then (b)) = 0, v(we) = g, uqwy, vwy € A(B), and if
z = (ajur)(ags1u)vivex™, where z* € Z(B), then |z*|g > 1, and x, bby (ujw:)(uwsz)x™*, y is
a monotone R-chain concatenating x and y.

Thus suppose that |z,| = 0 for all n € [1,7]\ {m, j}, and consequently

x = (a1ur) - ... (agup)(@pr1u)(erugr) - oo (€stuprs) 2,

We assert that there exist vq, ve, v3 € A(Dy,) and wy, wa, wz € A(D;) such that vivavs |
Ym, wiwaws | yj, t(vy) = 1(w,) = g, vyw, € A(B) and v,w, |y for all v € [1,3]. Indeed,
observe that

i | = lwil = [yl < lwil =2 =zi] =2 =2f| - 2=k -1,

lyj | = lyil = |25 + |2 = 2+ |2l =k + s + 2,
and set y; = yj1 ... Yju, Where p = [yj|, and, for all a € [1, 4], yjo € A(D;) and
t(Yj.a) = g. For a € [1, ], let uj o € A(F) be such that y; uja € A(B) and y;atja |B Y-
Since |z| > 1, it follows that u; ¢ A(D;) for all a € [1,u]. For v € [0,7] \ {j}, we set
N, =|Ha e [1,u] | yv.a € A(D,}|, and we obtain

= ZNV—N + N+ Z Ny < N + |y | + Z Y.
V;ég V;éz j m V;éz,] m

Since |y, | = |zy| = |2]| for all v € [0,7] \ {7,j,m} and |z]| > 1, it follows that

k+s+2<u<Np+k—1+ Z \:c’;ygNm+k—1+Z|x’;—\x;; =Np+k+s—1
vhihm oz

and therefore IV, > 3, which implies the existence of v1, vo, v3 and w1, we, w3 as asserted.
In particular, it follows that |z,| = |ym| > |y > 3 and |z;] = |y;| > [yj] > 3. Let
uy € A(Dj) be such that ujugy1 = wjwi. Then (u)) = g and a1u) € A(B).
Case 2.1b’. s> 1.

We assume first that |2],| > 1. Let v’ € A(D,;,) be such that v | 2],,. Then there exists
some v € A(D,;,) such that uu’ = vyv, hence t(v) = 0, and = = (a1u1)(akr1u)(e1upr1)u'z™,
where z* € Z(B) and |z*|p > 1. Since aju} € A(B) and ayt1e1 € A(B), we conclude that
z, (a1u))(ags1e1)(viwr)vz*, y is a monotone R-chain concatenating = and y.

Assume now that |z/,| = 0. Then |2/ | = |x,,| > 3, and (after renumbering if necessary)
we may assume that e; € A(D,,). Let v € A(D,,) be such that ue; = viv. Then ¢(v) = g,
ax+1v € A(B) and z = (aju1)(agsiu)(ejugyr)x*, where z* € Z(B) and |z*|g > 1. Hence
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z, (a1u))(ags1v)(viwr)z*, y is a monotone R-chain concatenating = and y.

Case 2.1b”. s =0.
We assert that k£ > 2. Indeed, assume to the contrary that kK = 1. Then z; = =} = ajaq,
o = u1, up, = u, 3 < |zj| =14+ 2], 3 < |zm| = 1+ |27,], hence |2}| > 2, |27, > 2, and
therefore |y;| = |y;,| = 0. Hence

r r
dolwl=lyil <lyil =2 and ) |ay| = [aj] + |af,] > 4,
v=1 v=1
a contradiction to |z|g = |y|5.
As k > 2, it follows that us € A(Dj), hence usv; € A(B), and we choose by € A(D;) be
such that ajas = bba, whence ¢(b2) = 0. Since 3 < |z,| = 1+ |2],], we get |2],| > 2, and
there exist v}, v5 € A(D,;,) such that v{v} | z!,. Let v € A(D,,) be such that vjvh = vqv.
Then ¢(v) = g and ujv € A(B).
Assume first that k > 2, and set x = (aquq)(agug)vjvhe*, where z* € A(B) and |z*|g > 1.
Then ugv; € A(B), and therefore x, bba(u1v)(ugvy)z*, y is a monotone R-chain concate-
nating x and y.
Case 2.1c. t = 0.
Observe that |27| =k > 2 and = = (aju1) ...  (agug)(e1ups1) - . .- (esurrs) T. We may as-
sume that there is no v € A(B) such that |v| = 2 and v | Z. Indeed, suppose that v € A(B)
is such that |v] = 2 and v | Z. Then v = v'v”, where v/, v € A(F) \ (A(D;) U A(Dy)),
L(v") = (") = g, and a9V, ugv” € A(B). We set z = (ajur)(agug)(v'v"”)z*, where
x* € Z(B), and 2’ = (aju1)(agv)(ugv”)x*. Then it follows that 2’ € Z(B), (z,2') € ~p
and = ~eq «’. Hence (2/,y) € ~, @’ ~eq y by Case 2.1b, and therefore z ~eq y.

Next we prove that there is some n € [1,7]\ {j} such that |z],| > 1. Assume the con-

trary. Then z = (a1u1) - ... (apug)(ertpsr) - - - (esupys)®), o = 2] = a1-...-ay,
m;-’ =Uj ... Ugts, and
T
€1 ... €= Ty .

v=0

v#£i,j
Moreover, we obtain [y;'| = |yi| — |yi| < |2 —2 = |2]| =2 =k -2 and |y]| = |y;| =
25| + |27 > 2+ Kk +s. Weset yf =yj1-... yju where u = [yj|, and, for all a € [1, p,

Yj.a € A(Dj) and t(yja) = g. For a € [1, ], let u;j o € A(F) be such that y;  u;. € A(B)
and yjatja |B y. Since |z} > 1, it follows that w;. ¢ A(D;) for all a € [1,u]. For
ve0,r]\{j}, weset N, = {a € [1,4] | yv,o € A(D,}|, and we obtain

r r r r
24k+s < p= D N < Dyl < Iyl D0 Il = 1w+ D lal < k—2+s,
o o by by

a contradiction.

Thus let now n € [1,7] \ {j} be such that |z],| > 1. Then |z],| > 2, |y,,| =0 and |y/| > 2.
Let vy, vy, w1 € A(D,,) be such that vyve | 2/, wi | ¥/, and choose some zo € A(D),)
such that vjvy = wywe. Then x = (ajuy)(agug)vivex™, where x* € A(B) and |z*| > 1. Let
by € A(D;) be such that ajas = bby, whence ¢(bg) = 0. Then z, bbe(ujw;)(ugws)x*, y is a
monotone R-chain concatenating x and y.

Case 2.2. |y|g > |z|p + 1, and we are in the following special situation.
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S1 There exist aj, az € A(D;) and uy, ug € A(F)\A(D;) such that aju1, aguz, ujug €
A(B) and (ajuq)(agus2) |B 2.

We set = (aju1)(agug)z*, where z* € A(B) and |z|g > 1, and we let ¥/ € A(D;) be
such that ajas = bb', whence ((b') = 0. Then z, bb'(ujuz)x*, y is a monotone R-chain
concatenating x and y.

Case 2.3. |y|g = |z|g + 1, and we are not in the special situation S1.
We set 2/ = ay - ... ag, where ay,...,ar € A(D;) and k > 2. For v € [1, k], let u, € A(F)
be such that a,u, € A(B) and (ajuy)-...- (aguk) |g x. Since |y;| > 1 and we are not in the
special situation S1, there exists some j € [1,7]\ {i} such that u; -...-uy | 7. Suppose
that 27 = uy -...- up4s, where s € No, and let c1,...,c5 € A(F)\ (A( )U.A( ;)) be such
that = = (aju1) - ... (agur)(crugs1) - - .. - (csugts)Z for some & € Z(B).
We may assume that there is no v € A(B) such that |v| =2 and v | Z. Indeed, suppose that
v € A(B) is such that |v| =2 and v | . Then v = v'v”, where v/, v € A(F) \ (A(D;) U
A(Dj)), t(v") = 1(v") = g, and az?’, usv” € A(B). We set = (ajuq)(agusz)(v'v"”)z*, where
x* € Z(B), and 2’ = (ajuq)(azv’)(ugv”)z*. Then it follows that 2’ € Z(B), (z,2’) €~p and
T Req . Hence (2, y) €~p, by Case 2.2, there is a monotone R-chain concatenating z’
and y, and therefore there is a monotone R-chain concatenating = and .
Hence x is of the form

r = (a1uy) - ... (apug)(crups1) - - .. (CoUpys)xy - ... - a0,

and we assert that there exists some m € [1,7]\ {j} such that |2},| > 2. Indeed, we assume

to the contrary that |z7,| = 0 for all m € [1,7]\ {j}. Then we obtain |z = 2(k + s) + |z,
and since |y|g = |z|p + 1, it follows that

T T
Yoyl ="l +2 =) +2.
v=0 v=0

If |yj| > 1, then we find |2| = 0 and |yj| > 2, and therefore

T
A<l 4+ 1 <Dl =2,
v=0

a contradiction. Hence it follows that |y}| = 0, and then |y]| = |y;| = |z;| = k + s + [2].

Now we find

Z!y\<!y| il — il <zl = (b +s+[af) —2=k+s -2 < |yj| - 2.

V#J
We set yj = yj, - .. yju, where p = |y7| and, for all o € [1, p], yj 0 € A(D;) and ¢(y;a) = g.
For o € [1, ], let w; o € A(F) be such that y; qu; o € A(B) and y; oujq |8 y. For v e [0,r],
we set N, = #{a € [1,4] | Yoo € A(D,)}, and we obtain

0<Z!y | < lyj |—2—ZN
V75]
and therefore N; > 2. Hence, there exist wq, wa € A(D;) such that ¢(w;) = t(w2) = g and
wiwe € A(B). On the other hand, ujus ¢ A(B), since we are not in the special situation
S1, and therefore ujus = ujus, where v}, uy € A(D;) and (u}) = t(uh) = 0. Hence the
existence of wiwy € A(B) contradicts A1l.
Let now m € [1,r] \ {j} be such that |z],| > 2 and let ¥’ € A(D;) be such that ajas = bb'.
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By Reduction 1, we obtain |y/,| = 0, hence |y/,| > 2, and there exist v/, v € A(D,,) such
that v'v” | 2], and there exists some u' € A(D,,) such that «’ | y/),. Let v” € A(D,,) be

such that v'v" = v/'u”, whence +(u”) = g, and set = (ajuy)(agug)v'v"z*, where z* € Z(B).

If [z|g = 4, then x = (a1u1)(aguz)v'v” and thus y = yjyiyy,, where |y;| = |y} = |y, | = 2,
and thus there is a pure atom in m dividing y. Since v/, v € A(D,;) and ¢(v") = 1(v") = 0,
this contradicts A1l. Now we may assume |z|g > 5. Then we have |2*|z > 1 and it follows
that uyu/, ugu” € A(B), and x, bb/ (uyu')(ugu)x*, y is a monotone R-chain concatenating
x and y.

Case 2.4. |y|p > |z|p + 2, and we are not in the special situation S1.
Let a1, as € A(D;) such that ajas | 7. Since |y;| > 0, there are uj, us € A(F) \ A(D;)
such that ajuy, asus € A(B) and (ajuy)(ague) |g ©. We set © = (aju)(agug)z*, where
x* € A(B) and |z*| > 1, and ujuy = v1vs for some vy, vy € A(D;) such that t(v1) = ¢(ve) =
0. Again we set ajas = b, where b’ € A(D;) and +(b') = 0, and then z, bb'vivez*, y is a
monotone R-chain concatenating = and y, since |y|g > |z|g + 2 = |2*| + 4.
Reduction 2. By Case 2, we may now assume that |y/| = 0 for all i € [1,r], and since
|z|g < |y|B, this implies that |z}| = 0 and therefore || > 2 and |y/| > 2 for all i € [1,7].
Since z(; = xo = yo = y{j, we have x; = z/ for all 7 € [0,7].

7
%

Case 3a. There is some i € [0, 7] such that

Case 3. z; =/, y; =y, and |x;| = |y;| > 2 for all i € [0, r].

v=0

r r
Z |z,| < |z;] |and thus also Z lyw| < lyil |-
. Dt
There exist ay, ag, b1, by € A(D;) such that ajay € A(B), biba € A(B), ajas |g =, and
bibs | y. Let b € A(D;) be such that ajag = bib. Since 5 < |z|p < 2|z}| = 2|z;|, there
exists some a,, € A(D;) such that ajasas | z;. Let ¢ € A(F) be such that agc € A(B) and
asc |p x, and let bg € A(D;) be such that bag = babs. If © = (b1b)(agc)x*, where z* € A(B)
and |z*|p > 1, then x, (b1b2)(bsc)z*, y is a monotone R-chain concatenating x and y.
Case 3b. For all i € [0, 7], we have
r r
Z |z,| > |z;] |and thus also Z lyw| > vil | -
i i
We shall prove the following reduction step.
R1 We may assume that, for each i € [0, 7], there is no pure atom in 7 dividing either

x or y in B.

ProOF oF R1. Let € Z(B) be such that (z,%) €~p, © ~cq T, and the number of
pure atoms dividing # is minimal. Assume there is at least one pure atom in i € [0, 7]
dividing #, say ajas € A(B) with a1, ag € A(D;) and ajas |3 Z. Now we find

T
S (8] > 3] - 2,
v=0
v#£i
and thus there are c¢1, co € A(F) \ A(D;) with cica € A(B) and cie |p 2. If & =
(a1a2)(cre2)x*, where a* € A(B) and |z*|g > 1, then we set 2’ = (a1c1)(aze2)z*. Now we
find (Z,2') €~p and T ~eq @, and thus = ~eq «’. Since there is one pure atom less dividing

2’ than Z, this is a contradiction.
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The same argument applies to y. Therefore there exist &, § € Z(BB) both not divisable by
any pure atom such that (z, ), (y,9) €~B, T Req T, and y Req . Hence it follows that

(Z,9) €~p and if T ~eq 7, then z ~eq y. O

Next we prove the following reduction step.

R2 We may assume that, for each i € [0,7], x; = y;.

Proor or R2. Trivially, we have xg = yo. Now let i € [1,7]. We assert that there is
some Z € Z(B) such that (z,%) €~p, T Xeq Z, and z = ged(F;, ;) (in F) is maximal. Now
assume that #; = zZ and y; = 22/, where z, 2 € Z(D;) and || = |Z/| > 1. If |2| = |Z/| = 1,
then there are some v, v' € A(D;) such that Z = v and ' = v'. Now we find

mi(2)v = mi(22) = mi(%) = mi(ys) = mi(22") = m(2)0,
and thus v = v/. But then ged(Z;,y;) = vz, a contradiction. If |Z| = |Z/| > 2, then there are
ai, az, b € A(D;) with ajas | Z; and b | y;. By R1, there are ¢1, ca € A(F) \ A(D;) such
that ajcy, agey € A(B) and ayeq, azes | x. There is some bV € A(D;) such that ajas = b'd.
If z = (a1c1)(age2)z*, where x* € Z(B) and |2*|g > 1, then we set Z = (bey) (V' eo)z™ and
find (Z,2) €~p and T ~eq T, and thus x xeq . Since bz = bged(Z4, yi) | ged(Zs, y4), this is

a contradiction. O

Now we fix—again arbitrarily—some i € [0,r] and choose a € A(D;) such that a | z/.
Then a | y/, too. By R1, there are ¢, d € A(F) \ A(D;) such that ac |g = and ad |5 y.
Again by R1, there are e, f € A(F) such that de |z = and ¢f |g y.

Then x and y are of the following forms
z = (ac)(de)z” and y = (ad)(cf)y",

where z*, y* € Z(B) and |z*|p = |y*|s > 1.
Case 3.b'. ce € A(B).
Then z, (ad)(ce)z*, y is a monotone R-chain concatenating = and y.
Case 3.b" df € A(B).
Then z, (ac)(df)y*, y is a monotone R-chain concatenating = and y.
Case 3.b"” We are neither in Case 3.b’ nor in Case 3.b”, and thus there are ji, jo €
[0, 7]\ {7} with j; # jo such that ¢, e € A(Dj,) and d, f € A(Dj,). Then ae, af, cd € A(B)

and hence z, (ae)(cd)z*, (af)(cd)y*, y is a monotone R-chain concatenating = and y.

Now it remains to prove the special case, where |z|g = 3. By the length formulas from
the beginning of the proof we find that |y|s € {5,6}. If |y|g = 5, then the length formulas
imply that that there is some ¢ € [1, 7] such that |2;| = 1 and |y}| > 1, and thus we are in the
situation of Case 1.2. When we inspect the monotone R-chain constructed there, we find
that the same monotone R-chain concatenating = and y exists in our situation. If |y|z = 6,
then we find that |2}| = 0 and |y}/| = 0 for all ¢ € [1,r]. Since 6 = |y|p > |z|g +2 =5, we
are either in Case 2.2 or in Case 2.4. Again we inspect the monotone R-chains constructed
there, and we find that the same monotone R-chains concatenating = and y exist in our

special situation.
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Now it remains to show part 2. By Lemma 2.2.18.3, we have

Cmon (B) < sup{|y| | (z,y) € A(~Bmon), there is no monotone R-chain from x

to y, and either |x| = |y| or |z|, |y| € L(7g(z)) are adjacent}.

By part 1, there is a monotone R-chain concatenating = and y for all (z,y) €~p with
lylg > 5 and |y|g > |z|g. Thus it suffices to consider relations (z,y) €~p with |z|g <
lyls < 4. By definition we have {(z,y) € A(~p) | |z|s < |y|s} C A(~Bmon). Since

the shortest possible atom (z,y) € A(~p) \ A(~Bmon) satisfies |z|g > |y|p > 2, we find

|zy|s > 5. Hence, we may restrict on elements of A(~g) and the assertion follows. O

Using Lemma 3.1.9.4, Lemma 3.1.11, and Lemma 3.1.12 above, we can now calculate
the catenary degree and the minimum distance (with #G = 2), and in a slightly more
special but still interesting situation, we can compute the elasticity, the monotone catenary

degree and the tame degree.

PrRoPOSITION 3.1.13. Let D be a monoid, P C D a set of prime elements, r € Ny,
s€Ng, r+s>1, and let D; C [p;] X l/)\ix = D; be reduced half-factorial but not factorial
monoids of type (1,k;) fori € [L,r+s| withky =... =k, =1 and kyy1 = ... = ks = 2 such
that D = F(P) X Dy X ... X Dyis. Let H C D be a saturated submonoid, let G = q(D/H)
be its class group with #G = 2, say G = {0, g}, let each class in G contain some p € P,
and define a homomorphism v : Dy X ... X Dypys — G by o(t) = [t]p . Furthermore, set
I={iel,r+s]| Ui (Di)o)* N U (D;)g)?*#0} and J = {i € [r+1,7+s]|c(D;) = 3}.
Then
If I =J =0, then H is half-factorial and c(H) = 2.

IfI=0 and J# 0, then c(H) € {2,3}, and A(H) C {1}.

If #1 =1, then p(H) > 3, c(H) = 3, and A(H) = {1}.

If #1 > 2, then p(H) =2, c(H) =4, and A(H) = {1,2}.

If s =0, then cmon(H) = c(H). Additionally, if #1 =1, then p(H) = 3.

If s = 0 and v(p;) = 0 for all i € [1,r], then H is half-factorial if and only if
t(H) = 2.

S G o v o=

In particular, min A(H) < 1 always holds.

PrOOF. We set B = {S € B(G,Dy X ... x D45 | 01 S}. By Lemma 1.2.16, H
and D are reduced BF-monoids, and H C D is a faithfully saturated submonoid. By
Lemma 1.2.16.4, we obtain A(H) = A(B), p(H) = p(B), c(H) = c(B), and cmon(H) =
Cmon(B). Lemma 3.1.9.1 implies c¢(D) < 3, and, by Lemma 3.1.9.4, we obtain c(B) =
c(H) < 4.

By Proposition 2.1.9.1, we obtain ¢(B) < sup{|y|s | (z,y) € A(~p), and since c(B) < 4, it
follows that

c(B) < max{[yls | (z,y) € A(~p), [x]5 < [yls < 4};

indeed we can replace the supremum with a maximum since we have a bounded set of
integers on the right hand side.

If (z,y) € A(~p), then (z,y) = (ug - ... ug,v1 ... v), where k = |z|g, | = |y|5, and
uj, vj € A(B) for all i € [1,k] and j € [1,{]. In this case, we call the atom (z,y) of type
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(k,1) and describe it by the defining relation g -... -ux = v1-...-v; in B. Now the equation

from above reads the following
c(B) = max{|z|g | (z,y) € A(~p) is of type (k,1), where 2 < k <1 < 4}.
Hence we proceed with a list of defining relations for all atoms of type (k,[), where
2 <k <1<4. An atom will be called of character C € [1,15] if it is defined by the relation
(3.1.C) in the list below.
Let i, j € [1,r + s], @ # j. Then
(3.1.1) 9 (pipjeic;) = (picig)(pje;9)
describes an atom of type (2,2) if and only if ¢; € Ui(D;), €5 € Ui1(D;), and v(pig;) =
Upj€j) = g;
2) (2 1) (2 1) (2
(3.1.2) (pipset e ) pingePel) = (el w3l e?)
describes an atom of type (2,2) if and only if L(pi€(-1)) = L(pi€l(-2)) = u(pje;
1) (2 (1
( )62 ) ¢ Uy(D;)? s(ps) 2nd 5 ) 2 ¢ Uy (D )2 Sp;)i
(3.1.3) 9’ (Diere2) = (pie19)(pie29)
describes an atom of type (2,2) if and only if either €1, g3 € Us(D;)o, e162 ¢ (U1(D;)g)?,
and 1(p;) = g or €1, 2 € U (Dy)y, €162 ¢ (U1(D;)o)?, and t(p;) = 0;
(3.1.4) (pie1)(pie2) = (pim) (Ping2)
describes an atom of type (2,2) if and only if €1, g2, m, 72 € Ui(D;), t(pi) = t(er) =
t(e2) = t(m) = t(ne2), and 162 = Mmmn2;
(3.1.5) (pie19)(pic29) = (Pimg) (Pin29)
describes an atom of type (2,2) if and only if 1, €2, 71, 72 € U1(D;), t(pie1) = t(pie2) =
t(pim) = t(pin2) = g, and 162 = M172;
(3.1.6) (pie1) (pic2g) = (pim)(pin2g)
describes an atom of type (2,2) if and only if €1, €2, m1, 72 € U1 (D), t(pi) = t(e1) = t(m),
(pie2) = t(pim2) = g, and €162 = Mi72; and
(3.1.7) (pie19)(pic2g) = (pim) (pin2)g” ,

describes an atom of type (2, 3) if and only if e, €9, n1, N2 € Ur(D;), €162 = M2, L(piel) =
t(pie2) = g, and t(pin) = t(pinz) = 0. If these conditions are fulfilled, then e1e9 €

Uy (D;)g NUL(D;)2 and therefore i € I. Conversely, if i € I, then Uy (D1)g NUL(D;)2 # 0. 1If
u(pi) = g, let €1, e2 € Ui (D;)o and 1, m2 € U1(D;)4 be such that ejeg = mne. If «(p;) =0,
let €1, e2 € U1(D;)g and n1, n2 € Ui (D;)o be such that e1ea = mine. In any case, (3.1.7)
holds.

Now let i € I, j € [1,r + s], and i # j. Then

(3.1.8) (pipjsgl)egl))(pipjﬁf-z)egz)) = (pin§1))(pinfz))(p§€§1)8§2))

describes an atom of type (2, 3) if and only 1f5( ) (2), 771( ),771( beu (Dy), 51), gz) € Ui (Dy),
v(pin
(2

eMe® =, upiet)) = upiel?) = wpje ())—L(p] ) =g, upin”) = vlpin”) = 0,
| € th(Dig Nt (D)

and 8 ( ) ¢ U (D )2( ) If these conditions are fulfilled, then 5( )
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and therefore i € I. However, if i € I, then a relation (3.1.8) need not hold, since we

cannot guarantee that there exist 65 ), S ) € U1 (D;) such that 6( ) §é U (D )L(p7)

Now let i, j € I and i # j. Then

(3.1.9) (ipiet e ) imsel” ) = i) i) i) (0in”)
describes an atom of type (2,4) if and only if 5( ), (»2), n,fl), 772(2) € Uy (Dy), El), 52), 77](1),

(2) Uy (D;) RONC) 1,2 D2 _ (1) (2) L(pi ()) ())

n; =m0, €5 n n; = u(pig;”’) = (pje 5-)) =
(2 1) (2
(p] ) =

=g, and v(pin; ') = v(pin;”) = L(pj ) (pjn )) = 0. If these conditions are
fulfilled, then e{"e® € U4, (D;)3 N (D;)2 and g(” 1) e 1y (D)3 N UL (D;)?, and therefore
1, jel. Conversely, if 4, j € I, then a relation (3.1.9) holds (see the arguments for (3.1.7)).
Let i € J, 1, €2, €3, m, 12, 13 € Ur(D;), and cp, ((pie1) (pie2) (pies), (pimn) (pin2) (pins)) = 3.
Then
(3.1.10) (pie1)(pie2)(pies) = (pim)(pin2) (pins)
describes an atom of type (3,3) if and only if «(p;) = t(e1) = t(e2) = tlez) = v(m) =
L(m2) = v(m3);
(3.1.11) (pie1) (pie2) (picsg) = (pim) (pin2) (Pinsg)
describes an atom of type (3,3) if and only if ¢(p;) = t(e1) = t(e2) = ¢(m1) = ¢(n2) and
v(pies) = v(pins) = g;
(3.1.12) (pe1e2)(pies) = (pim) (pina) (pins)
describes an atom of type (2, 3) if and only if e1eo & (U1(D;)o)? N (U1(Ds)g)?, tipic1) =
Upigz) = g, and o(pi) = u(e1) = v(m) = t(n2) = ¢(13);
(3.1.13) (pZe1e2)(piesg) = (pim)(pin2) (pinsg)
describes an atom of type (2, 3) if and only if e1e9 & (U1 (D;)o)? N (U1(D;)g)?, tipic1) =
t(pic2) = u(pies) = v(pins) = g, and «(p;) = t(m) = t(n2);
(3.1.14) (piere2)(pies) = (pime) (pins)

describes an atom of type (2,2) if and only if e1e2, mne & (Ui(Di)o)? N (U1(D;)g)?,
u(pie1) = upie2) = v(pim) = v(pim2) = g, and 1(pi) = 1(€3) = 1(n3); and

(3.1.15) (pie1e2)(piesg) = (pFmn2) (pinsg)

describes an atom of type (2,2) if and only if e1ea, mn2 ¢ Ui (D;)o)? N (Ui (D;),)?, and
v(pier) = v(pie2) = upies) = upim) = t(pinz2) = v(pins) = g

Now we can do the actual proof.

1. If I = J = (), then only atoms of characters [1, 6] exist, and they all are of type
(2,2). Hence, we obtain c¢(H) = c¢(B) = 2, and thus H is half-factorial.

2. If I =0 and J # 0, then there are atoms of characters [1,6] U [10,15], and they
are of types (2,2), (2,3), and (3,3). Hence, it follows that c¢(H) € {2,3} and
A(H) C {1}

3. If #I = 1, then atoms of characters [1, 7] exist and atoms of characters {8} U[10, 15]
might exist. The atoms of characters [1,7] are of types (2,2) and (2, 3) and the
atoms of characters {8} U [10,15] are of types (2,3), (3,3), and (2,2). Thus we
have p(H) > 3 and c¢(H) = 3, and therefore A(H) = {1} by Lemma 1.2.9.4.
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4. If #1 > 2, then atoms of characters [1,7] U {9} exist and possibly also atoms of
characters {8} U [10, 15] exist, and they are of types (2,2), (2,3), and (2,4). Thus
we find c(H) =4, {1,2} C A(H), and p(H) > 2. Since p(H) < 2 by Lemma 3.1.9.4,
we obtain the equality p(H) = 2 and, by Lemma 1.2.9.4, we find A(H) = {1, 2}.

5. Let s = 0. If I = (), then H is half-factorial by part 1, and thus cpen(H) = c(H)
by Lemma 2.2.19.1.

If #1I = 1, then atoms of characters [1,7] exist and atoms of character 8

might exist. The atoms of characters [1,7] are of types (2,2) and (2,3) and
the atoms of character 8 are also of type (2,3). By Lemma 3.1.12.2, we have
Cmon(H) = Cmon(B) < 3. By part 3, we find 3 = ¢(H) < cmon(H), and thus
Cmon(H) = 3.
It remains to show that p(H) = p(B) = 3. By part 3, we have p(H) > 3. Thus
it suffices to show that p(H) < 3. Now let (z,y) €~p with |y[g > |z[z. Then
there is a monotone 3-chain concatening = and y, say « = zg, 21, ..., 2, = y with
Z1y...,2n € Z(mg(x)) and n € N. Whenever |z;_1|p < |zi|p for some i € [1,n],
then d(z;_1,2;) = 3 and there is an atom (z]_;, 2[) € A(~p) of charachter 7 or 8
such that z;_; = d;z/_; and z; = d,z], where d; = ged(zi_1,2). Since atoms of
both characters, replace two very special atoms in A(B) (on the left side) by three
different atoms (on the right side) and there is no atom of character = € [1,6],
which generates the first special atoms, there are at most %\x! B such steps, and
thus |y|g < 3|z|, what proves p(H) < 3.

If #1 > 2, then atoms of characters [1,7] U {9} exist and possibly also atoms of
character 8 exist. The atoms of characters x € [1,7] U {9} are of types (2,2), (2,3),
and (2,4) and the atoms of character 8 are of type (2,3). By Lemma 3.1.12.2, we
have cpon(H) = cmon(B) < 4 and, by part 4, we obtain 4 = c(H) < cpon(H ), and
thus cpon(H) = 4.

In order to finish the proof, we need an additional Lemma.

LEMMA 3.1.14. Let D be a monoid, P C D be a set of prime elements, r € N, and let
D; C D; = [pi] x l/)\iX reduced half-factorial monoids of type (1,1) for alli € [1,7] such
that D = F(P) x D1 X ... x D,. Let H C D be a saturated submonoid, let G = q(D/H)
be its class group with #G = 2, say G = {0, g}, let each class in G contain some p € P,
and define a homomorphism v : D1 X ... X Dy — G by u(t) = [t]p,p. Furthermore, let
B(G,Dy X ...x Dy,i) be the (D1 x ... x D,)-block monoid defined by v over G and let B
be half-factorial but not factorial.
Then t(H) = t(B) = 2.

PRrROOF. Throughout the proof, we write B = {S € B(G,D1x...XDy15,t) |01 S} asin
Lemma 1.2.16.4. By Proposition 3.1.13.1-4, we find that {i € [1,7] | (U1 (D;))oN(U1(D;))g #

—~ X

0} =0, and thus «(D; ) = {0} for all i € [1,7]. Now let h € H, z € Z(h), and a € A(H)
be such that a | h. Then we prove that d(z,2") < 2 for some 2’ € Z(h) NaZ(H). We may
assume that a 1 z. We find that z is of the following form:

(1) (2)) )

z=q ... (g 'q (1) (2))t1'..

(g

T,
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where g1, ..., qr, ¢, qEQ),---,ql(l), ql(2) € P, lalp/g = - = laklp/ag = 0, [q§1)]D/H =
[(152)]D/H == [QI(l)]D/H = [ql(2)]D/H =g, and t1,...,tm € A(D1 X ... x D;). Now we
have the following three possibilities for a.

a=q with ¢ € P, [g]p/g = 0, or

a=q"g® with ¢, ¢ € P, [§W]p/u = 1d¥]p/m = g, or

a=u with u € A(D;) for some i € [1,7].

We proceed case by case. Let a = g, where ¢ € P and [q]p/g = 0. Since qi, ..., , qgl)

q§2), . ,ql(l), ql(2) € P are prime in D and since [¢]p,g = 0, we find g € {q1,...,qx}. Thus

)

a = | z, a contradiction. Let a = ¢g, where ¢V, ¢® € P and [cj(l)]D/H = [cj(g)]D/H =
g. By the same arguments as before, we find g, ¢ e {q%l), qu)’ .. ,ql(l),ql(z)}. Since
a { z, there is no i € [1,1] such that without loss of generality ¢\¥) = (jgj) for j = 1,2.
Thus there are 4, j € [1,1] with 7 # j such that without loss of generality g = qgl) and

g = q]@). Now we find the factorization 2’ € Z(h),

s=l
1) (2)y, (1) (2
d=q o a@Vd) @ d?) T @Pa®t -t
s=1s#i,j
such that d(z,2’) = 2 and a | 2’. Lastly, we consider the case a = u with u € A(D;) for

some i € [1,7]. Then there are uy,...,uyn € A(D1 X ... x D,) such that
tiooitm=wur ... Uy and dp,x. xp,(t1 ... tmyutg - Uum) < 2

Now we find a factorization 2’ € Z(h) by setting

Z=q ... qk(qg)q%z)) Coe (ql(l)ql(g))uul e U,

and d(z,z") < 2 follows. O

6. Let s =0 and ¢(p;) = 0 for all ¢ € [1,r]. If H is not half-factorial, then c(H) > 3
and therefore t(H) > 3. Otherwise, if H is half-factorial, then c(H) = ¢(B) = 2,
and therefore I = () by points 1-4. Thus ¢(u) = ¢(p;) = 0 for all u € A(D;) and
i € [1,7], and any a € A(B) is either of the form a = g2 or a = u with u € A(D;)
for some i € [1,r]. Since, by Lemma 3.1.3.2, t(D;) = 2 for all i € [1,7], we have
t(B) = 2. Now the assertion follows by Lemma 3.1.14. O

The following example shows that the very special structure of D in the hypothesis of
Lemma 3.1.14—in terms of Example 3.1.15 the structure T—is definitely necessary for the

assertion of Lemma 3.1.14 to hold.

ExaMPLE 3.1.15. Let P be a set of prime elements and 7" be an atomic monoid such
that D = F(P) xT. Let H C D be a saturated submonoid with class group D/H = C»
such that each class in Cy contains some p € P. Let v : T — Co, t = [t]p,g be a
homomorphism and B(Cs, T ¢) the T-block monoid over Co defined by ¢. Furthermore let
t(B(Ca,T,1)) = 2.

This situation does not imply t(H) = 2.

PRrROOF. We write Cy = {0, g} and we set B(C2,T,¢) and denote by 5 : H — B the
block homomorphism of H and by §: Z(H) — Z(B) the canonical extension of the block

homomorphism.
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By definition, it is sufficient to prove t(a,v) > 3 for some a € H and some v € A(H). Let
a€ Handve A(H).

We have the following for types of atoms of H which are not prime:

v =p1p2 with p1, p2 € P and [p1]p/g = [p2lp/r = 9
v =pt withp € P,t € T and [p]D/H:[t]D/H—g
v = titg with t1, t2 € A(T) and [t1]p/g = [t2]lp/g =

v=t with ¢t € A(T') and [t]D/H—g

Let z € Zg(a). Without loss of generality, we may assume that no prime elements divide

a. Then z is of the following form:

= (p1p2) - - (i—1p) (Pr151) - - - (Piymsm) (tat2) -« (Enatn)ur - oo Uo.

Let v = q1g2 be of the first type. Since all p € P are prime in D, we find i, j € [1,1 + m]
such that p; = ¢1 and p; = go. Assume i =[+ 1 and j = [+ 2. Then we find

2 = (pipapie2) (p151) (p2s2) (1p2) " (pis151) H(prras2) 2.

Thus d(z,2') = 3. If we apply 8 to 2/, we find

B(Z) = g*(951)(952)(9°) " (g51) " (g52) ' B(2) = B(2),
and thus d(B(2), (")) = 0. O

COROLLARY 3.1.16. Let D be an atomic monoid, P C D a set of prime elements,
r € N, and let D; C [p;] x ]_/)\iX = D; be reduced half-factorial monoids of type (1,1) for
all i € [1,7] such that D = F(P) x Dy X ... x D,. Let H C D be a saturated atomic
submonoid, G = q(D/H) its class group, and let each class in G contain some p € P.

Then the following are equivalent:

b Cmon(H) <2
e c(H)<2.
e H is half-factorial.

If, additionally, [pi]p/g = Op g for alli € [1,r]—in particular, this is true if ##G = 1—then

the following is also equivalent:

o t(H) < 2.

PRrROOF. By Lemma 3.1.9.3, #G > 3 implies ¢(H) > 3 and thus that H is never half-
factorial. Thus we have #G < 2. If #G = 2, then the assertion follows by Proposition 3.1.13.
If #G = 1, the assertion follows by Lemma 3.1.9.2 and Lemma 3.1.9.1. O

LEMMA 3.1.17. Let O be a locally half-factorial order in an algebraic number field.
Then there is a monoid D, a set of prime elements P C D, r € N, and reduced half-factorial
but not factorial monoids D; C [p;] x D, = D; of type (1,k;) with k; € {1,2} for all
i € [1,7] such that D = F(P) x Dy x ... x D,, I*(0) = D, Or4 C D is a saturated
submonoid, Pic(O) = q(D/Os.y) is its class group, and each class contains some p € P.
If, additionally, all localizations of O are finitely primary monoids of exponent 1, then
ki =1 for alli € [1,r].
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PROOF. Let O be an order in an algebraic number field and let Z*(O) be half-factorial.
We set O for the integral closure of O and set f = (O : O), P = {p € X(O) | p 2 f},
P*={p € X(O)|pDf}, and

T= H (O;)red-

pep*
By [14, Theorem 3.7.1], we find that P* is finite, OF,; C F(P) x T is a saturated and
cofinal submonoid, Pic(O) = C,(O) = (F(P) x T)/O;.4, and, for all p € X(0), Oy is a
finitely primary monoid of rank s,, where s, is the number of prime ideals p € X(O) such
that pNO = p. For p € P*, the local domain Oy, is not integrally closed, hence not factorial,
and therefore the monoid (Of )req is not factorial, too. Since Z*(O) = Hpeae(O)(O; )red Dy
[14, Theorem 3.7.1], we find, for all p € X(0O), that O, is half-factorial, and thus, by the
additional statement in Lemma 3.1.3.1, Oy is a half-factorial monoid of type (1, ky), where
ky is the rank of Op. By [18, Corollary 3.5], we find ky < 2. Now we set D; = (Op )rea for
some p € P* such that T'= D; x ... x D, and we set P = P. By [14, Corollary 2.11.16],
every class contains infinitely many primes p € P. Since, by the above, k; is the exponent

of D; for all i € [1,r], the additional statement is obvious. O

In the hypotheses of the following theorem we restrict to locally half-factorial orders
in algebraic number fields. This seems reasonable since there are no known half-factorial
orders, which are not locally half-factorial, and—see Corollary 3.1.24—this assumption is

satisfied for orders in quadratic number fields.

THEOREM 3.1.18. Let O be a non-principal locally half-factorial order in an algebraic
number field and set P* = {p € X(O) | p D (O : 0)}.
Then we have
1. If #Pic(O) =1, then O is half-factorial.
2. If # Pic(O) > 3, then (D(Pic(0)))? > c(O) > 3, min A(O) = 1, and p(O) > 1.
3. If #Pic(O) =2, then p(O) < 2,2 <c(0) <4, and min A(O) < 1.
If, additionally, all localizations of O are finitely primary monoids of exponent 1,
then, setting k = #{p € P* | [@: /Oy Ipic(o) = Pic(0)}, it follows that
® Chion(0) = c(0) =2+ min{2,k} € {2,3,4};
e p(0) =3c(0) € {1,3,2};
e ANO)=[1,c(0)-2] C1,2];
and the following are equivalent:
® Cion(0) = 2.
e c(O)=2.
o O is half-factorial.
If, additionally, [p] = Opico) for all p € P*, then the following is also equivalent:
o t(0) =2.
In particular, min A(O) < 1 always holds.

PrROOF. By Lemma 3.1.17, there is a monoid D, a set of prime elements P C D, r € N|
and reduced half-factorial but not factorial monoids D; C [p;] X l/)\ix = l/)\Z of type (1, k;)
with k; € {1,2} for all ¢ € [1,7] such that D = F(P)x Dy x...xD,, Z*(0) = D, Op.y C D
is a saturated submonoid, Pic(O) = q(D/O;,4) is its class group, and each class contains

some p € P.
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1. If # Pic(O) = 1, then the assertion follows by Lemma 3.1.9.2.

2. If # Pic(O) > 3, then the assertion follows by Lemma 3.1.9.3.

3. If #Pic(O) = 2, then p(O) < 2 and 2 < ¢(0O) < 4 by Lemma 3.1.9.4. If,
additionally, all localizations of O are finitely primary monoids of exponent 1,
then, by Lemma 3.1.17, we have k; = 1 for all i € [1,7]. If kK = 0, then we are in
the situation of Proposition 3.1.13.1 and thus O is half-factorial, c(O) = 2, and
A(O) = 0. If k > 2, then we are in the situation of Proposition 3.1.13.4, and thus
p(0) =2, c(0) =4, and A(O) = {1,2}. If k£ = 1, then we are in the situation
of Proposition 3.1.13.3, and thus p(O) > 2, c(0) = 3, and A(O) = {1}. Since
k; =1 for all i € [1,7], we may use Proposition 3.1.13.5, and thus we find p(0) = 3

if Kk =1 and cpon(O) = c(O) in all cases. Putting all this together, we obtain

the formulas in the assertion. The equivalence of the four statements follows by

Corollary 3.1.16.

In particular, in all situations, we find min A(O) < 1. O

In the case of quadratic and cubic number fields, we can do even better. First, we
recall and reformulate a definition and the key result from [18].
Let O be an order in an algebraic number field and p € X(O0). Then we call O, a local
order. Now let O, be a local order such that its integral closure O, is local too. Now we fix
the following notions. We denote by m respectively m the maximal ideal of O, respectively
@, by k = Op/m and k= @/ﬁ the residue class fields, and by 7 : @ — k the canonical

homomorphism. For a prime p € @ and ¢ € N, we set
Uip(Op) ={e € Oy | ep' € Op} and  Vip(Op) = m(Uip(Op)) U {0},
as in [18]. Then V;,(O,) is a k-subspace of k by [18].

LEMMA 3.1.19 ([18, Theorem 3.3]). Using the above notions, the following are equiva-

lent:

1. Oy is half-factorial.
2. (U1p(0p))* = Oy
S A{zy | (z,y) € Vip(Op) x Vip(Op)} = k.

LEMMA 3.1.20. Let O be an order in an algebraic number field and p € X(O) such that
Oy is half-factorial.
1. Oy is local and every atom of O, is a prime of O,.
2. Let m respectively M be the mazimal ideals of O, respectively Oy and let k = Oy /m
and k = O,/ be the residue class fields.
If dimy, k < 3, then Oy C (’)7,,. is a finitely primary monoid of exponent 1.
In particular, if O is an order in a quadratic or cubic number field, then Oy C Op.

is a finitely primary monoid of exponent 1.

Whenever O, is a Cohen-Kaplansky domain, i.e., whenever it has up to units only

finitely many atoms, the result from Lemma 3.1.20.1 can be found in [1, Theorem 6.3].

Proor or LEMMA 3.1.20.

1. The assertion follows by Lemma 3.1.3.1.
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2. By part 1, in is local too. Thus m respectively m is well-defined and k respectively
k is a field. Since O, has up to units only one prime element by part 1 we write
Vi(Oy) instead of V1 ,(Oy) and Ui (O,) instead of U; ,(Op). Furthermore, we find
U (OF) = U1 (Oy). For short, we write m = dimy k, n = dimy V1(Oy), and g = #k.
Now we distinguish three cases by m.

Case 1 m = 1. Here k = k and therefore V;(O,) = k. Thus U;(O,) = @X by [18,
Lemma 3.2], and therefore O, C (’T; is of exponent 1 by the additional statement
of Lemma 3.1.3.1.

Case 2 m = 2. If n = 1, then V;(O,) = k, and therefore V;(Op) * V1(Oy) = k # k,
a contradiction to Lemma 3.1.19.3. If n = 2, then V;(O,) = k, and the assertion
follows as in Case 1.

Case 3 m = 3. If n =1, then we find the same contradiction as in Case 2 when
n =1 there. If n = 2, then #(V1(Oy) x V1(O,)) < ¢> = #k by [18, Lemma 2.5].
This is again a contradiction to Lemma 3.1.19.3. If n = 3, then V;(Oy) = k, and
the assertion follows as in Case 1.

Let K be the algebraic number field containing O. Then we find m < [K : Q] and

the assertion follows. O

Now we can prove a slightly refined version of Theorem 3.1.18 for orders in quadratic

and cubic number fields.

COROLLARY 3.1.21. Let O be a non-principal locally half-factorial order in a quadratic
or cubic number field and set P* = {p € X(O) | p D (0 : O)}.
Then we have
1. If #Pic(O) =1, then O is half-factorial.
2. If # Pic(O) > 3, then (D(Pic(0)))? > c(O) > 3, and min A(O) = 1.
3. If #Pic(O) = 2, then, setting k = #{p € P* | [@px /O Ipic(o) = Pic(O)}, it follows
that
® Cron(H) = c(0) =2+ min{2,k} € {2,3,4};
e p(0) = 5e(0) € {1.4.2):
e AN(O)=1[1,c(0)—-2] C[1,2].
In particular, min A(O) < 1 always holds, and the following are equivalent:
® Chion(0) = 2.
e c(O)=2.
e O is half-factorial.
If, additionally, [p] = Opic(o) for all p € P*—this is always true if # Pic(O) =1 or if O is
an order in a quadratic number field—then the following is also equivalent:

o t(0) =2.

PROOF. Part 1 respectively part 2 follows immediately from Theorem 3.1.18.1 respec-
tively Theorem 3.1.18.2. By Lemma 3.1.20.2, all localizations O, for p € X(0O) are finitely
primary monoids of exponent (at most) 1. Thus part 3 follows by the additional statement
of Theorem 3.1.18.3.

Now we prove the additional statement. First note min A(O) < 1 follows by the additional
statement of Theorem 3.1.18. If # Pic(O) > 3, then none of the equivalent conditions
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holds by part 2. If #Pic(O) = 2, then the four equivalent conditions are shown in
the additional statement of Theorem 3.1.18.3. If # Pic(O) = 1, then O = 7*(0), and
therefore O is half-factorial. By Lemma 3.1.17 and Lemma 3.1.20.2, there is a monoid
D, a set of prime elements P C D, r € N, and reduced half-factorial but not factorial
monoids D; C [p;] X D;" = D; of type (1,k;) with k; € {1,2} for all ¢ € [1,7] such that
D =F(P)x Dy x...xD,and Z*(O) 2 D. Now the other equivalent conditions follow by
Lemma 3.1.3.2. O

If we compare the equivalent conditions in Corollary 3.1.21 for non-principal locally
half-factorial orders in quadratic or cubic number fields with the ones given in [14, Theorem
1.7.3.6]—see below—for principal orders in algebraic number fields, we see that at least

these special non-principal orders behave nearly the same as the principal ones.

THEOREM 3.1.22 (cf. [14, Theorem 1.7.3.6]). Let O be a principal order in a quadratic
or cubic number field.

Then the following are equivalent.

1. O is half-factorial.
2. #Pic(0O) <2.

3. t(0) <2.

4. c(0) <2.

By Corollary 3.1.21.3, we get an additional bound on the elasticity of a non-principal
order O in a quadratic or cubic number field such that its conductor is an inert prime
ideal, say (O : O) = p € X(0) and pO € X(0), in fact p(0) < 2. Now we revisit the
example from [16, example at the end of the publication]: Let O = Z[3i]. Then O = Z]i],
# Pic(O) = 2, O is locally half-factorial, and (O : O) = 30 € X(0O) is an inert prime ideal
in 0. Weset 8 =1+2iand 8’ =1—2i. Then 33, 33, 3, and 5 are irreducible elements of
O satisfying (33)(38') = 3% - 5; thus p(O) > 3. Now we have equality by Corollary 3.1.21.3.

3.1.3. Localizations of half-factorial orders.

PROPOSITION 3.1.23. Let D be a monoid, P C D be a set of prime elements, and
let T'C D be a reduced atomic submonoid such that D = F(P) x T. Let Dy C T be a
divisor-closed submonoid and let Dy C [p] X l/)\lx = Z/)\l be a finitely primary monoid of
rank 1 and exponent k. Let H C D be a saturated half-factorial submonoid, G = q(D/H)
its class group, and let each class in G contain some p' € P.
Then #G < 2 and Dy is either

o half-factorial or
o #G =2, say G =A{0,g}, vp(A(D1)) = {1,2}, [plp/u = 9, and [e]p/g = O for all
ceD .

PROOF. Define a homomorphism ¢ : T — G by «(t) = [t|p/g. Throughout the proof
we write B={S € B(G,T,t) |01 S} as in Lemma 1.2.16.4. If #G > 3, then it follows by
Lemma 1.2.17.1 that H is not half-factorial. If #G = 1, then H = D and, obviously, the
first case of the assertion holds. Now, let #G = 2, say G = {0, g}. Since H is half-factorial,
B is also half-factorial by Lemma 1.2.16. By Lemma 3.1.6, v,(A(D1)) = {1} is equivalent
to D; half-factorial. We show that either
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« w(ADD) = {1} or N
* vp(A (Dl)) ={1,2}, «(p) = g, and «(D1 ") = {0}.
If #v,(A(D1)) =1, i.e., vp(A(D1)) = {n}, then we find n = 1 since N>, C nNy. Suppose

we have #v,(A(D )) > 1. Then there are n = minv,(A(D;)) and m = maxv,(A(Dy))
>n. Let e, € D1” be such that p"e, p'n € A(D;). Now we distinguish four cases by
u(p"e) and «(p™n).

Case 1 ((p"e) = 1(p™n) = 0. Then p"e, p™n € A(B), and we find

(" m)* = (o)t (p T Enteh).
There are k atoms on the left side and at least £+ 1 on the right side; clearly a contradiction
to B half-factorial.
Case 2 1(p"e) = 1(p™n) = g. Then p"eg, p"ng € A(B), and we find
(p"ng)* = (p"eg)* (p'" " nkek)
There are k atoms on the left side and at least k41 on the right side; clearly a contradiction
to B half-factorial.
Case 3 1(p"e) = 0 and «(p™n) = g. Then p"e, p™ng € A(B), and we find
R (bR k even
(p"m9)" = 2y 51 ook
(p"e)*(g*) = (™ FnFekg) K odd.
There are k£ atoms on the left side and, in both cases, at least kK + 1 + k—gl on the right
side; clearly a contradiction to B half-factorial.
Case 4 ((p"e) = g and ¢(p™n) = 0. Then p"eg, p'n € A(B). Now we must again
distinguish four cases.

Case 4.1 2n < m and k even. Here we find
k )k —
(9*)2 (™ )" = (p"eg)* (P e Ryh).
There are %k: atoms on the left side and at least k& + {W] atoms on the right side.

This is a contradiction to B half-factorial, since m > 2n by assumption.
Case 4.2 2n < m and k odd. Here we find

k41
(92) k+1 __

= (p™n) ML

m—n)(k+1) .—k—1, k+1

= (p"eg)" (p! 3 n ).

This leads to a contradiction as in the case where k was even.

Case 4.3 m < 2n and k even. We choose [ € N maximal with Im < (n — 1)k, and we
find

(p"eg)" = (%)% ("R (™)'

There are k atoms on the left side and at least % + {%W + [ on the right. This is a
contradiction to B half-factorial, since m < 2n by assumption.

Case 4.4 m < 2n and k odd. We choose [ € N maximal with Im < (n—1)(k+1), and
we find a contradiction to B half-factorial by looking at

)k+1 _ (QQ)E n(k+1)~lm _k+1

(p"eg = (p n~ (™)’

Case 4.5 m = 2n. In this particular case, we must again handle two additional cases.
Case 4.5.1 n > 1. Then there is n’ € (n,2n) and y € D} such that p"'y € A(D;). If
L(p”/'y) = 0, then the assertion follows with p™~ and p™n as in Case 1. If L(p”/y) = g, then



3.1. HALF-FACTORIAL ORDERS IN ALGEBRAIC NUMBER FIELDS AND THEIR
LOCALIZATIONS

the assertion follows with p"e and p”/’y as in Case 2.

Case 4.5.2 n = 1. Then m = 2n = 2. Without loss of generality we may assume
that p € D;. Furthermore, ((p?n) = 0 implies ¢(n) = 0. For the moment, we assume that
t(p) = 0 and «(c) = g. Then we are done by Case 1 with p and p?n. If now «(p) = ¢
and c(g) = 0, we show L(Z/)\lx) = {0} or vp(A(Dy)) = {1}. If L(Z/D\IX) = {0}, then the
second case in the assertion is fulfilled. Now suppose L(.b\lx) = @, say there is some
v E D" with 1(y) = g. Then there is some k' € [1,k] such that p*~y € D;. Thus there
are €1,...,€1, M,...,Nr € Dy such that (pe1) ... (pe))(@*m) - ... - (PPmw) = ¥ is a
factorization of p*'~ in Di. Thus e -...-emy - ... ny =7, and therefore either (g;) = g
for some ¢ € [1,1] or ¢(n;) = g for some j € [1,!']. In the first case, we are in the situation
of Case 1 with pe; and p?n, and in the second case, we are in the situation of Case 2 with

p and p*n;. O

COROLLARY 3.1.24. Let O be a half-factorial order in an algebraic number field K,
Ok s integral closure, and let p € X(O) be a prime ideal of O such that p D (O : Ok).
Then # Pic(O) < 2 and O, is either

e half-factorial, and Oy C (Ok); is a half-factorial monoid of type (1,k) with
ke {1,2}, or
o p ramifies in Ok with ramification degree 2, i.e. there is some p € (Ok), prime

such that p* ~ p.

In particular, if K is a quadratic number field, then O, is half-factorial.

PROOF. Let O be a half-factorial order in an algebraic number field K, let O be its
integral closure, let P = {p € X(O) | p 5 (O : Ok)}, and let P* = {p € X(O) | p D (O :
Ok)}. By [14, Theorem 3.7.1], we find that

d CFP)xT withT = ] (Of)rea
peP*

is a saturated cofinal submonoid with class group Pic(O). Now, we obtain # Pic(O) < 2
by Lemma 1.2.17.1. Since O is half-factorial, i.e., p(O) = 1 < oo, we find, by [16, Corollary
4.i], that p does not split in Ox. Thus (Ok), is a discrete valuation domain, in particular,
it is local, and thus Oy C (Ok); is a finitely primary monoid of rank 1. Since (Of)rea C T
is a divisor-closed submonoid, the assertion follows immediately by Proposition 3.1.23.

If K is a quadratic number field, then O half-factorial implies that p is inert by [14,
First paragraph in the Proof of A2 in the Proof of Theorem 3.7.15], and therefore O, is
half-factorial. O

3.1.4. Characterization of half-factorial orders in quadratic number fields.

COROLLARY 3.1.25. Let O be a non-principal order in a quadratic number field K, let
Oxk be its integral closure, and let P* = {p € X(O) | p D (O : Ok)}.
Then the following are equivalent:
1. O is half-factorial.
2. c(0) =2.
3. # Pic(0) < 2, O is locally half-factorial and, for all p € P*, [(OK )y /O Ipic(0) =
[Opic(0)-
4. #Pic(O) < 2 and, for all p € P*,
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e [(Ok)y /O, Ipic(0) = [0]pic(0)
e p is inert in Ok, and

e p? 2 (0: Ok).

PROOF. 1 < 2 By Corollary 3.1.24, we have Z*(O) half-factorial. Thus the assertion
is already shown in the additional statement of Corollary 3.1.21.
1 = 3 By Corollary 3.1.24, # Pic(O) < 2 and O, is half-factorial for all p € P*. Now we get
[(Ok )y /Oy Ipic(0) = [O]pic(0) by the same construction as in the proof of Corollary 3.1.21
and Theorem 3.1.18 using Proposition 3.1.13.
3 = 1 Since, by assumption, O is locally half-factorial, this implication follows, directly,
by the same construction as in the proof of Corollary 3.1.21 and Theorem 3.1.18 using
Proposition 3.1.13.
3 & 4 Since, for all p € P*, O, is half-factorial if and only if p is inert in Og and
p?2 2 (O : Ok), the assertion follows. O

3.2. Non-principal locally half-factorial orders in algebraic number fields

with cyclic class groups

3.2.1. Monoid-theoretic situation.

LEMMA 3.2.1. Let D be a monoid, P C D be a set of prime elements, D1 C D be an
atomic submonoid, and Dy C [p] X l/)\gx = Dy be a reduced monoid of type (1,1) such that
D = F(P) x D1 x Dy. Let H C D be a saturated atomic submonoid, G = q(D/H) be
its class group, suppose each class in G contains some p € P, define a homomorphism
t: Dy x Dy — G by u(t) = [t]p/m, and suppose #G > 2 and 1(D2) = [1]p/p-

Then there is an atomic submonoid H' C H such that H' C D' = F(P) x D1 is a saturated
submonoid with class group q(D'/H') = G. Furthermore, c(H) = c(H'), p(H) = p(H'),
and A(H) = A(H').

PRrROOF. Since ((Dz) = [1]p,u we clearly have Dy C H and, since H C D is a saturated
submonoid and since there is a submonoid D' = F(P) x D; C D such that D = D' x Da,
there is some H' C H such that H = H' x Dy. Obviously, H' C D’ is also a saturated
submonoid. By Lemma 1.2.18.3-5 and by Lemma 3.1.3, we have
c(H) = sup{c(H'),c(D2)} = sup{c(H’),2} = c(H’);

p(H) = sup{p(H'), p(D2)} = sup{p(H'), 1} = p(H'); and
A(H')UA(D2) € A(H),
and, since A(Dy) = (), equality holds. O

LEMMA 3.2.2. Let m € N>o, n € N, ky,...,kyn € N, k € (0,n) be such that

Zki—i-kEO mod n and Zki>n.
i=1 i=1
Then there are

0#1C[1,m] and k' € [0, k] such that Zkl +k =0 modn.
i€l
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PROOF. Since Y i* 1 ki +k =0 mod n and k € (0,n), clearly, >/, k; # 0 mod n.
Now we proceed by induction on m. If m = 2, we have k1+k2 > jn and k1 +ko+k = (j+1)n
for some j € N. Now we choose k|, k5 € [0,k) and j1, jo € N with j; + jo = j+ 1 such that
ki = jin — k| for i = 1, 2. Then we have jin — k} + jon — ky + k = (j + 1)n, and therefore
k = K| + K. Hence, we get the assertion with I = {1} C {1,2} and ¥’ = k] < k.

Now let m > 2. To proceed from m to m + 1, we can simply use the base case on Y ;i k;
and Kp41- O

LEMMA 3.2.3. Let D be a monoid, P C D a set of prime elements, r € N, and
D; C [pi] x D, = D; reduced but not factorial monoids of type (1,1) for all i € [1,7] such
that D = F(P) x Dy x ... x D,. Let H C D be a saturated submonoid, G = q(D/H) be
its class group cyclic of order n > 2, suppose each class in G contains some p € P, define
a homomorphism v : D1 X ... X D — G by u(t) = [t]p,m, and let s € [1,7] be such that
upi) = [Upyg for alli € [1,s] and «(D;) = [1]p/g for alli € [s+1,7].
Then we have

AB(G,D;y X ... x Dy,1)) =

{Sﬂpm

el

SeF(G),ICl,s], e € D\ix, t(pig;) +o(S) =0, and
iel

Z (pigi) + o (S") #0 for all J C I and
1€J

S" | S without J =1 and S’ = S at the same tz’me}

U {pié‘i 1€ [S+ 1,7“], g € D\zx}
In particular, if a = g* [1;c; piei € AB(G, Dy % ... x Dy, 1)) with k < n, I C[1,s], and
€; € b\ix. Then either
e > (G: (i) <nor
i€l
e > (G:(uei))) =0 mod n.
i€l
PRrROOF. The main part of the lemma follows by Lemma 3.2.1 and the structure of
the set atoms of a monoid of type (1,1) given in Lemma 3.1.3. The additional statement
follows by Lemma 3.2.2. O

Now we are able to give some non-trivial lower bounds on the elasticity.

PROPOSITION 3.2.4. Let D be a monoid, P C D a set of prime elements, r € N, and
D; C [pi] x D;”" = D; reduced but not factorial monoids of type (1,1) for alli € [1,7] such
that D = F(P) x Dy x ... x D,. Let H C D be a saturated submonoid, G = q(D/H) its
class group cyclic of order n > 2, say G = (g), suppose each class in G contains some
p € P, define a homomorphism v : Dy X ... X D, — G by 1(t) = [t|p,p, and let s € [1,7]
be such that «(p;) = [ p/g fori € [1,s] and «(D;) = [l p,g fori€ [s+1,7].

D(G
1. p(H) > 252,
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—~ X

2. Let ) # I C [1,s] be a non-empty subset such that #1 <n and > (G : (D; )) < n.

el
Then
—~ X
(G:uD;))
H)>H#IT+1— e
p(H) > #1+1=3 5 ©
el

In particular, the right hand side obtains its maximum whenever I is maximal with

respect to its cardinality and Y (G : L(D\ZX)) is minimal.
el
3. Let ) # J C [1,s] be a non-empty subset such that #J < n and, for j € J, let

€j € l/)\jx \l/);: be such that 3 (G : (t(ej))) =0 mod n and there is no proper

jeJ
non-empty subset O # J' C J such that 3 (G : (t(cj)) =0 mod n.
jeJ’
Then
p(H) > #J.

In particular, the right hand side obtains its maximum whenever J is maximal with
respect to its cardinality.
If, in particular, n € P is prime and O # I C [1,s] is a non-empty subset with #I < n,

then we have

#I 292
n> p(H) > #I+1- £ pr>n=2
R § no > 4T

ProOF. By Lemma 3.2.1, we may without loss of generality assume that s = r, i.e.
t(p;) = 0 and L(l/)\ix) # {0} for all 7 € [1,r]. For short, we write B = B(G, Dy X ...x Dy, ).
By Lemma 1.2.16, we have p(H) = p(B).

1. Since B(G) C B is a divisor-closed submonoid, we have p(B) > p(B(G)) = =5, by
[14, Theorem 3.4.10.4].
2. Foriel, lete; € D;” be such that (L(gi)) = L(b\ix). Then there is some k € [0,n)
such that
a=g"[[pii € AB)
i€l
by Lemma 3.2.3. Now we calculate the elasticity of the n-th power of a. We find
a" = (¢" [ pie)™ = (¢")* [ (wie? )0},
iel icl
where ¢", pie;, pi € A(B) for all ¢ € I, and thus

oy > EERL ey By n (@B gy 5 GdB)

n

i€l
Since D(G) = n, we are done.
3. For je J, let g; € @X be as in the assumption. Then we find

a = Hpj€j € A(B)

jeJ

Now we calculate the elasticity of the n-th power of a. We find

" (H pj»sj) = [T@iepp; ",

jed jed

— 66 —
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where g", p;ejl, pj € A(B) for all j € J, and thus

o) =" 4y
n
If now, in particular, #G = n € P, then G has no non-trivial subgroups. Therefore
L(b\ix) = G for all i € [1,r], and thus we may assume that ¢(p;) = 0 for all i € [1,r]. Now
we apply part 2 with (G : L(D\ZX)) =1forallie I. Thus } ;c;(G: L(Z/D\ZX)) = #I <n. For

short, we set #1 = k. Now it remains to show that

k4l—k p>n2n
max{k—i—l—k,n}_{ n = on—2

n’ 2 n n2-—2

This can be seen by the following easy calculation

k
kr1-2>n
n 2
k(2n—2)+2n—-n>>0
2 _
S 0
- 2n—2

COROLLARY 3.2.5. Let O be a non-principal locally half-factorial order in an algebraic
number field such that all localizations of O are finitely primary monoids of exponent 1
and #Pic(O) =n € P. Let P* = {p € X(O) | p D (O : 0)} and let v : q(O) — Pic(O) be a
homomorphism defined by 1(t) = [t]pic(o) for all t € q(O). Let ) # I C P* be a non-empty
subset such that #1 <n and >, ;(Pic(O) : L(/(\X Oy))) < n.

Then
[+1-# gr>n-2
an(O)Z{# + n #2 2— 2n—2
2 g = 1
ProoF. Clear by Proposition 3.2.4. O

With the last example in this section, we want to illustrate which (easy) subsets of the

appearing T-block monoids are not half-factorial.

EXAMPLE 3.2.6. Let D be an atomic monoid, P C D be a set of prime elements, and
T C D be an atomic submonoid such that D = F(P) x T. Let D1 C T be a divisor-closed
submonoid and Dy C [p1] X l/)\lx = D; a monoid of type (1,1). Let H C D be a saturated
atomic submonoid, G = q(D/H) its class group cyclic of order n > 2, say G = (g), suppose
each class in G contain some p € P, define a homomorphism «(T) — G by «(t) = [t]p/#,
and let ¢ € Dy be such that (L(e)) = L(l/)\lx) # {0}.
Then the set

[{g"pre | kg + t(pie) = 0}]

is not half-factorial.

In particular, H is not half-factorial.

PROOF. Let ny € [0,n) and n} € [1,n) be such that «(p1) = n1g and ¢(e) = njg. If
n} =1, we can choose p; in such a way that ny = 0. If n; = 0, then the assertion follows
by the proof of Proposition 3.2.4. Since ni, ny | n we have ni, nj < § and therefore

n1 4+ nf < n. Now we distinguish 4 cases.



3.2. NON-PRINCIPAL LOCALLY HALF-FACTORIAL ORDERS IN ALGEBRAIC NUMBER
FIELDS WITH CYCLIC CLASS GROUPS

Case 1. ni +nj = n. Here we have n; = n| = %, and therefore p} € A(B). Now we

consider the factorizations

(p1e)* = (p1%) (p12) (p7)
and find 4 atoms on the left side and 3 on the right side.
Case 2. n =4, n; =1, and n}| = 2. We find

(reg)* = (me'g®) (lg).

These are 4 atoms on the left side and 2 on the right side.
Case 3. n =6 and nj + n} = 5. Here we find

s | (01E%?)(p1g®)(p1)? n1 =3 and nf =2,
(pieg)” = 6 ,4Y (12 2\ (13 /
(p1e°g")(p1g")(p7)  m1=2and ny = 3.
These are 6 atoms on the left side and 4 respectively 3 on the right side.

Case 4. n1+n) < n and neither case 2 nor case 3 happens. Thus we have n—n;—nf—1>1

and we find
(plggnfnl fnl)n — (plengnfnl)(p?—lgnl)(gnfnl fnlfl)n'

These are n atoms on the left side and at least n + 2 atoms on the right side. O
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CHAPTER 4
min A(Ry) and min A(Ok, f)

4.1. Extensions of discrete valuation domains

Extensions of discrete valuation domains have been studied in [21, Subsection 3.3] and

some of the results presented here can be found there, too.

DEFINITION 4.1.1. Let A be a discrete valuation domain with prime element p, K its
quotient field, L/ K a finite extension, and A the integral closure of A in L. (Then A is a semi-
local principal ideal domain. Let s € Nan 7y, ..., 75 be a system of pairwise non-associated
prime elements of A. Let p = 7' - ... - 7%¢ with ¢ € AX and e = (ey,...,e5) € N® a prime
decomposition of p in A.) Furthermore we set R = A + fA with k = (k1,...,ks) € N® and
f=aM. .7k e Aand vy, : A* = Ny the m;-adic valuation of A® for i =1,...,s and
vp : A®* = Nj the p-adic valuation of A®. (Then we get v, (p) = e; and v, (f) = k; for all
i €[1,s],and (R: A) = fA.) This situation (A C R= A+ fA C A) is called an extension

of a discrete valuation domain.

PROPOSITION 4.1.2. Let R be a one-dimensional local noetherian domain with mazimal

ideal m such that its integral closure R is a finitely-generated R-module. (Then R is a semi-

local Dedekind domain, thus a principal ideal domain.) Let s € N and my,..., 75 € R be a
system of pairwise non-associated prime elements of R. Now we set (R : R) = 7T]f1 .. mEs R
with ki,...,ks € N.

Then R® is a finitely primary monoid of exponent k = max{ki,...,ks} and of rank s.

In particular, m does not split in R if and only if s = 1.

PROOF. Obviously, R® = [r1,...,ms] x RX. Since R D R is integral, we have R*NR =

R* and m;RNR =mforalli € [1,s]. Let a = {*-...-7%¢ € R® with nq,...,ns € Ng and
e € RX. If n; >k for all i € [1, 5], then aR C (R : R) C R and thus a € R. Now it remains
to prove: R*\R* C mp-...- msR®. Since m1,...,ms are prime elements in R, we have

mR*N...N7R®* =7 -...-msR*. Now the assertion follows from R*\R* =m\{0} C m;R®
for all i € [1,s]. In particular, since 7;R N R = m for all i € [1, s], m does not split in R if
and only if s = 1. O

DEFINITION 4.1.3. Let s € N, e = (e1,...,es) € N°, n € N, and H be a monoid of type
(e,ne).
We call H a strict monoid of type (e,n) if for alla € H\ H*,i € [l,s],and [ € [1,n — 1]

Vp,(a) = le; implies v, (a) =le; for all j € [1,s].

Now we can give some characterization of extensions of discrete valuation domains

leading to strict monoids of type (e, n).
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PROPOSITION 4.1.4. Let AC R=A+ fA C A be an extension of a discrete valuation

domain A with prime element p and f € A.

Then:

1. R is a noetherian one-dimensional local domain with mazimal ideal pA + fA.

2. R® is a monoid of type (e, k).
3. If f ~p™ forn €N, then R® is a strict monoid of type (e,n).

PROOF.
1. Let ¢ : A— A/fA be the canonical epimorphism. Then we find R = A + fA =

© 1 (¢(A)), and thus R C A is a subring. By the Theorem of Krull-Akizuki, R is a
one-dimensional noetherian domain.

Let m be a maximal ideal of R. Since A D R is integral, we find m = ;A N R for
all i € [1, s]. Now, it is sufficient to show that m;A N R = pA + fA for all i € [1, s].
We show R\ m;A C R* for all i € [1,s]. Let 2 = a+ fy € R\ mA with a € A and
y € A, thena € A\ mA = A\ fA= A*. If we have u € A with ua = 1, then
ur =1+ fuy € 1+ fA, and therefore, there is no maximal ideal of A containing
uz, and thus uz € A N R = R*.

. By part 1, we can apply Proposition 4.1.2 and we get that R®* C A® is a finitely

primary monoid of rank s and exponent max{ky, ..., ks}. Let now v, : A* — Ny be
the p-adic valuation of A®. Obviously, vy, (A®) = e;v,(A®) = ¢;Ng and v, (fA®) =
N>, for all ¢ € [1,s]. Thus we find v, (R) D €;Ng UNxy,, for all ¢ € [1,s], and
therefore it suffices to show thor all ¢ € [1, s] that:

(a,A) € A* x A® and v, (a + fa) <k; = vp(a+ fa) € eNg.

Let i € [1,s] and (a,a) € A® x a® such that v, (a + fa) < k;. Since vy, (a +
fa) > min{vy,(a), vy, (fa)} and vq,(fa) > ki, we have v, (a) < vg,(fa) and
Vo, (@ + f@) = v, (a) = e;vp(a) € e;Ng. Thus R® C A® is a monoid of type (e, k).

Here we have k = ne. By part 2, we obtain that R® is a monoid of type (e, ne).
Now we must show the second property in Definition 4.1.3. Let a = o/ + fa” € R®
with o’ € A, a” € A, and | € [1,n) be such that v,,(a) = le;. Suppose a’ = 0,
then vr, (a) = vq, (fa”) > ki, a contradiction. Suppose a” = 0, then a = d’ €
A® = [p] x A* and the assertion is obvious. Now we can suppose that a’, a” # 0.
Since k1 = ne; > vq, (a) > min{vy, (a’), vo, (fa”)} = min{vg, (@), k1 + v, (a”)},
we have v, (a') < v, (fa"), and therefore le; = v, (a) = v, (d'), ie. o' = ple
with e € A%, and thus v, (a') = le; for all j € [1,s]. Let now j € [1,s]. Then
vr; (@) = lej < nej < vq,(fa"), thus vq(a) = v, (a’) = le;. O

LEMMA 4.1.5. Let AC R= A+ fA C A be an extension of a discrete valuation domain

A with prime element p such that A is a discrete valuation domain with prime element .

Suppose that p ~ 7€ and f ~ p™, where e, n € N.
Then en € vz(A(R)).

PROOF. By Proposition 4.1.4.3, we have that R®* C A® = [r] x AX is a strict monoid

of type (e,en). By the minimality of en (in Definition 4.1.1 or Definition 3.1.1), it is

obvious that there is o € A* such that 7'a € R if and only if I > en. Now assume
7" ¢ A(R). Then there are n1, na € [1,en) and €1, €5 € A* such that 7™¢e, n™ey € R
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and (7"ep)(n"2e9) = 7", i.e. n] +ng = en and €162 = a. Since ig; € R= A+ 71" A,

there are a; € A and @; € A such that n%e; = 7"a; + 7¢"a; for i = 1, 2. Now we find

"o = (1"ey)(n"2e9)

= (7™ay + 7"a1) (7" a0z + T Gs)

n
n

¢ (a1a2 + 7™M ajas + 1aias + " ajas ,

and therefore

a = aijas + 7 aras + 1%aras + waias ,
where ajas € A, and thus rer—min{nin2}g € R Since en — min{n,n2} < en, this is
a contradiction to m'a ¢ R for [ < en. Thus we have 7°"a € A(R), and therefore
en = vp(1" ) € v (A(R)). O

DEFINITION 4.1.6. Let R be a Dedekind domain with quotient field K, L/K be a finite
separable field extension, let R be the integral closure of R in L , and f € R*\ R*. Then
we set Ry = R+ fR.

By the theorem of Krull-Akizuki then R is a Dedekind domain and since L/K is finite
R is a finitely generated R module, i.e. there are n € N and rs,...,r, € R such that
R=R+nrR+...+m,R.
Obviously, R ¢ is an order in R. Now we calculate its conductor. The inclusion fR C (R 1
R)isclear. Let z =a+ fbe (Ry: R) C Rf = R+ fR with a € R and b € R. Then we
find a =2 — fb € (Ry : R)N R, and thus aR C Ry. Now we have

ars :g+fZlim with g, lo,...,l, € R.
i=2

By comparison of coefficients we find a = flo € fR, and thus 2 = fly+ fb = f(lo+b) € fR.
So we have (R : R) = fR.

Let p € X(R) and n € N with f € p" and f ¢ p"*1. Then the localization (Ry), =
R, + png is an order in R, with conductor ((R,)y : Ry) = pg}?p.

In the following lemma we can construct the strict monoids we will make use of in
Section 4.2.4.2.4.

LEMMA 4.1.7. Let R be a Dedekind domain with quotient field K, L/K be a finite
separable field extension, let R be the integral closure of R in K, f € R*\ R*, and
Rf =R+ fR

1. Let p € X(R), n € N such that f € p" and f ¢ p"*'. Let s €N, 7m1,...,7 be a
complete system of pairwise non-associated prime elements of Rp, forie€[l,s], let
Vr, 1 L® — Z be the m;-adic valuation of L®, and € = (Vo (p),...,Vx,(p)) € N°.
Then (Rf); - R; = [m1,...,7s) X RPX is a strict monoid of type (e,n).

2. Let P* = {p € X(Ry) | f € p} and P = X(Ry) \ P*, Pic(Ry) be finite, and let
every class in Pic(Ry) contain a prime p € P.

Then

(R$)red C F(P) x T 2 T*(Ry) with T = ] (Ry)f)red
pepP*

is a saturated and cofinal submonoid with class group Pic(Ry) = I*(Rf)/(R})red.
Furthermore, for all p € P*, (Rf); C R; is a strict monoid.
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3. Let R=7, K =Q, L be an algebraic number field, R = O, be the integral closure
of R in L and the maximal order in L, and f € Z.

Then Rf = Oyt fulfilled the assumptions of part 2.

4. Let F be a field, K = F(t), R = F[t], L be an algebraic function field over F
such that R, the integral closure of R in L, is a finitely generated R-module, and
f(t) € Ft].

Then Ry fulfilled the assumptions of part 2.

PROOF.

1. Obvious by Proposition 4.1.4.3.

2. The main assertion follows by [14, Theorem 3.7.1]. By part 1, the additional
statement follows, since, obviously, a monoid is a strict monoid if and only if its
associated reduced monoid is a strict monoid.

3. By [14, Corollary 2.11.16], Pic(Oy, s) is finite and each class in Pic(Oy, ) contains
some p € P.

4. By [14, Proposition 8.9.7], Pic(Rg, () is finite and each class contains some prime
element p € P. O

4.2. min A(Ry) and min A(Ok, )
4.2.1. The split case.

LEMMA 4.2.1. Let H be an atomic monoid. If, for all m > 2, there exists x,, € H such
that, for all k € [0,m—1], there are atoms am i, bk, Cm i € A(H) with am’kbmkc’fn’k = Ty,
then we have

e min A(H) =1;
o foralll>2, Vi(H)=[2,00); and
e for all finite subsets I C N>g there is x € H such that I C L(x).

PROOF. Let m € N be arbitrary. By assumption, there is z,, € H such that, for all
k € [0,m — 1], there are atoms G, k, by ks Cmx € A(H) with am7kbm7kcfmk = z,,. Thus we
find [2,m + 1] C L(x,), and therefore min A(H) = 1. Since m was arbitrary, we have, for
all [ > 2,

2,00)= U 2m+1]c U Lam) CV(H) C[2,00),
m>1+1 m>1+1
an thus equality holds. For all I C N>, we have I C [2,max(])] C L(zmax(r)—1)- O

LEMMA 4.2.2. Let H C H = D1y ..., Ds] X H* be a strict monoid of type (e,n) of rank
s> 2 withn € N.
Then we have p{*™ "™ . ... p&"+nse ¢ A(H) for all e € H* and ny,...,ns € Ny where

n; > 1 and nj < e; for some i, j € [1,s].

PROOF. Let n; < e; without loss of generality, and set a = p{'" " . ... . plntnse
with ¢ € H*. Then a € H, since pi'™ - ... p&"H C H. Suppose a ¢ A(H). Then

there are b, c € H\H* with a = be. Now we find ne; + n; = vp,(a) = vy, (b) + vp,(c)
for i € [1,s]. Since b, c ¢ H* and n; < e, we obtain v,, (b), vp, (c¢) € eeNUN>,,,, and
ein > vp, (b), vp, (¢) > e1. Therefore, there are Iy, I. € [1,n) such that v, (b) = lye; and
Vp, (¢) = lcer. We have ney +ny = vy, (a) = vp, (b) + vy, (¢) = (Ip + lc)er, thus ny =0 and



4.2. min A(Ry) AND min A(Ok, )

Iy +1.=n. Let i € [2,n]. Since H is a strict monoid and n > I, I, we find v,,(b) = lpe;
and vp,(c) = l.e;. Now we get ne; +n; = vp,(a) = vp,(b) + vp,(c) = ne;, and therefore

n; = 0. This is a contradiction, because, by assumption, we have max{n,...,ns} > 1. O

THEOREM 4.2.3. Let D be a monoid, P C D a set of prime elements, and T C D an
atomic submonoid such that D = F(P) x T. Let Dy C T be a divisor-closed submonoid
and Dy C Dy = [P1,. .-, Ps] X l/)\lX a strict monoid of type (e,n) of rank s > 2. Let H C D
be a saturated atomic submonoid, G = q(D/H) be its class group with #G < 2, and let
each class in G contain a prime element of P.

Then we have
e min A(H) =1;
e for all I C N>g finite there is x € H such that I C L(z); and
e Vi(H)=[2,00) foralll > 2.

ProOOF. By Lemma 1.2.16, it suffices to show the assertion for the T-block monoid
B(G,T,.) defined by the homomorphism ¢ : T' — G, «(t) = [t]p/g. For short, we write
B=B(G,T,t) and p=p5°?-....pt%. Let m > 2 and k € [0,m — 1].

First we study the case #G = 1. Here we have H = D and B =T. We set

2 k 1
A g =y 7" T
(2m— 2k+1)ne1
bm k=D b,
2ne
=pi D,

By Lemma 4.2.2, we find ap, i, by ks Cm i € A(D1) and am,kbm,k’cfn,k = &y, for k € [0,m—1]
with

k
Tm = am,kbm,kcmﬁ

_ 2m—2k+1
(pne1p2m k+1)(pg m + )nelp) (p%nelp)k

o pnel +(2m—2k+1)ne; +(2ne1)kp2m7k+1+1+k
- M

(pnelp) 2m+2 )

Since Dy C T is a divisor-closed submonoid, we have A(D;) C A(T) = A(B).
Now let #G = 2, say G = {0, g}. Here we distinguish three cases.
If o(pi*") = t(p) = 0, then we set

ein, 2 k+1
amg =Py P

e1n(2m—2k+1)
bm,k =D D,

2e1n

Cmk =D P-

By Lemma 4.2.2, we find ap, i, by ks Cm i € A(D1) C A(T) and, since t(am k) = t(bm i) =
t(emk) =0, we find ap, i, by ey Cm i € A(B).
If «(p7*") = g and ¢(p) = 0, then we set

ein_ 2 k:+1
g = 1P
/ e1n(2m—2k+1)
Ui ks = D1 Ds

2e1n
Cmjk =DP7 " D
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cmi € A(D1) C
A(T), and, since t(am i) = t(bmk) = t(cm k) = 0, we have ay, i, by i, i € A(B).
If «(p*") = 0 and «(p) = g, then there is some j € [2,s] such that L(pj-jn) = g and

—€jn ein

uppi"p; 7)) = 0. Thus we can assume (pj'") = g and ¢(p) = 0 without loss of generality.

Ak = Gy, 19, and by, = by, 1 g. By Lemma 4.2.2, we have ay,, 1, b,

If t(p7*") = t(p) = g, then we set

/ _ emn, m—k+1
U =P1 P ;
/ e1n(3m—3k)
U ke = D1 j22
3ein
Cmj = P71 " D

and

/

mk k —m is even,

a

k9 Kk —mis odd,
Ak =

bl .9 k—miseven,
Ty s odd
m,k .

By Lemma 4.2.2, we have a, , by, 1, ¢mk € A(D1) C A(T), and, since t(am k) = t(bm k) =
t(em k) = 0, we have an, ki, by Cm i € A(B).
In all cases we found atoms ay, i, bk, ¢m i € A(B) for all m > 2 and for all k € [0, m — 1],

which fulfill the conditions of Lemma 4.2.1. Thus the assertions follow. O
4.2.2. The non-split cases.

THEOREM 4.2.4. Let D be a monoid, P C D be a set of prime elements, and T C D be
an atomic submonoid such that D = F(P) x T. Let D1 C T be a divisor-closed submonoid
and Dy C [p] x D" = D; be a monoid of type (e,en) of rank 1 with e, n € N. Let H C D
be a saturated atomic submonoid, G = q(D/H) be its class group with #G < 2, and let
each class in G contain some p' € P.

Suppose one of the following conditions is fulfilled.

1. e> 4.

2.e=3 (mdp€ﬁ.

3. e =2, pe H, and there exists some a € A(Dy) such that vp(a) = 2n.

4.e=1,n>2,pe€e Hn Dy, and there exist e, n € D\lx such that p™e, p*n, pten €

A(D1), and [n]p/i = 0.

b.e=1,n=2,p¢c HnN D+, and there exists € € l/)\lx such that p*e, p*e? € A(Dy).

Then we have
min A(H) = 1.

ProoOF. By Lemma 1.2.16, it suffices to show the assertion for the T-block monoid
B(G,T,.) defined by the homomorphism ¢ : T' — G, 1(t) = [t]p/g. For short, we write
B=B(G,T,u.).

1. Since e > 4, we have p“**1 pent2 pents ¢ A(Dy) C A(T).
Now suppose ¢(p) = 0. Then ¢(p®**1) = 1(p™*2) = 0, hence p™ 1, pe"*2 ¢ A(B),
and the assertion follows from

(pen+1 )en+2 — (pen+2)en+1



4.2. min A(Ry) AND min A(Ok, )

Now suppose ¢(p) = g. We notice that e > 5 if e is odd and that in this case
p"tt ¢ A(Dy) C A(T). Now we set

) en+1 eiseven,
7 =
en+2 e isodd.

Then p’, p'*? € A(D1) and ¢(p') = 1(p""?) = g in all cases, and therefore p'g, p'+?g,
g% € A(B). Now the assertion follows from
i+2 ( i+2

»'g) P 2g) g’

2. Since e = 3, we have p™*1 pt2 ¢ A(D;) C A(T). Furthermore, ((p***1) =
t(p*+2) = 0, hence p* T, p*2 ¢ A(B), and the assertion follows from

en+1)en+2 — ( en+2)en+1‘

(p p

3. Let a € A(D;) be an atom of D; such that v,(a) = 2n. Then there is ¢ € D
such that a = p*”e. We have p*e, p*n 1 p*tlc € A(D;). Now we consider two
cases.

If 1(e) = 0, we have ((p*"e) = 1(p*T!) = 1(p?*"tle) = 0, and hence pi"e, pintl,

p*"tle € A(B). Now the assertion follows from

(p4n€)4n+1 An+1 — (p4n+1€)4n+1'

p

If 1(¢) = g, we have ((p*"eg) = 1(p*"t1) = 1(p*Tleg) = 0, and hence p*eg, p*"t1,

pi"tleg € A(B). Now the assertion follows from

4dn+1, _4n+1 _ An+1 4dn+1
)T = (0 eg) ™

(p*"eg p*tleg

4. By assumption we have «(n) = 0 and p, p"e, p?n, p"en € A(D1) C A(T). Now we
consider two cases.
If 1(¢) = 0, then «(p™e) = 1(p?>n) = 1(p™en) = 0, and therefore p, p"e, p?n, p"en €
A(B). Thus the assertion follows from

(p"e)(p°n) = p*(p"en).

If u(e) = g, then t(p"eg) = t(p?>n) = 1(p™eng) = 0, and therefore p, p"e, pn,
p"eng € A(B). Thus the assertion follows from

(p"eg)(p*n) = p*(p"eng).

5. By assumption we have p, p’e, p?c? € A(D1) C A(T) and «(¢) = 0. Thus ¢(p*e) =
t(p?e?) = 0 and we find p, p’e, p?c? € A(B). Now the assertion follows from

pA(p°e?) = (p°e)”. O

4.2.3. min A((Ok,f)(p)) for local quadratic inert orders.

This subsection heavily relies on the calculations in [17]. First, we fix some notations.
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4.2.3.1. Notations. Let d € Z\{0,1} be square-free. Then K = Q(1/d) is a quadratic
number field. Let p € P be a prime, such that p is inert with respect to K. Set

% ifd=1 mod4 and p = 2,
Vd else.

Then Z,)[w] = (Ok)p) is the integral closure of Z,) in K and at the same time it is the
localization of K'’s ring of integers Of.

Now let n € N. (Of pn)(p) is the local order or equivalently the Z,)-order in (O ),y with
conductor (O pn)p) : (Ok)p)) = P"(Ok)p)- Then (O pr) ) = Zp)[p"w] = Zp)[7] with

2"=1/d ifd=1 mod4andp=2,
Vd else.

Since p is inert in K, we have (g) = —1.

We now fix n and p and we write R = (Ok) ) and R = (O pn)(p) for short.

For m € N and ¢ € R, we write u,,. = p™c+ 7 and for M € N we set Q(M) = {c €
[0,p™ —1] | c+ 7€ R\(R*UpR), N(c+ 1) ~p"}.

REMARK 4.2.5. If we look at a local order (O f)(,) with f € N>o, then we have
(Ok.f)p) = (Okpn)(p) where n € N such that p" | f and p"™ t f. Thus we will write
(Ok pn)(p) instead of (O, ),y form now on.

4.2.3.2. The monoid R®.
By Lemma 4.1.7.3 R®* C R*® is a strict monoid of type (1,n) of rank n. Thus it is clear that
p(R) < n and it is a well known fact that p(R) = 1 if and only if n = 1.

4.2.3.3. The two possible cases.

e pF£2
e p=2
4.2.3.4. Case p # 2.

This case is discussed in detail in [17]. Here we give only a brief summary of the results.

Complete system of pairwise not-associated atoms

type (a)  p
type (b) Um,e Withm € [1,n—1], c€ [0,p™ — 1], pfc
type (c) Un,c With ¢ € [1,p" — 1]

Let up,c be an atom of type (c) and set pFe; = ¢ with k € Ny. Then we have Une = Untk,c, -
Since ¢ € [1,2" — 1], we find k € [0,n — 1] and ¢; € [1,p" % —1]. Each k € [0,n — 1]
appears.

Relations among these atoms

LEMMA 4.2.6. Let j € [I,n—1] and ¢ € [0,p" 7 — 1] with p{ c. Let co € Z be such that

p1tco and
(d—cco> _ 1
p

Then there exists some c; € [0,p" 7 — 1] such that

c% —pleger =d — ccg mod p"T.
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If ¢y is chosen in this way and if ca € [0,p" 7 — 1] satisfies co = p'co —c1 mod p"~7, then
choose any c3 € [0,p™ — 1] with pt c3(cs — c1) and let cq € [0,p™ — 1] be such that
—d
cy = a% 7% oed p".
C3 — (1
Then we have

An+j
p ]un—j,c ~ Un,coUn,c3Un,cy-
PRrROOF. By [17, Lemma 0.5], it follows that
n
Un,c3Un,cy ~ D Un,cy
and, by [17, Lemma 0.6], we find
n-+j
Un,cyUn,co ~ P jun—j70'
Now we can combine those results to obtain
n An—+j
Un,coUn,cgUn,cy ~ P Un,ciUn,co ~ P Junfj,c- ]

Unions of sets of lengths
By [17, Lemma 0.7.2], there is « € R such that [2,3] € L(x). By [17, Lemma 0.6], we have
m+j+1C Vao(R) for all m € [1,n] and j € [1,m —1]. Thus we have [4,2n] C Va(R). Now
we find

12,2n] = [2,3] U [4,2n] € Va(R) C [max {2, m } ,24 _ (2,20

Since [2,2n] = Va(R), we have [2,2n + 1] C V3(R). By Lemma 4.2.6, we have 2n+j+1 €
V3(R) for all j € [1,n — 1], and therefore [2n + 2,3n] C V3(R). Now we find

[2,3n] C V3(R) C {max {2, Li-‘ } 7371} = [2,3n].

4.2.3.5. Case p=2.
Since 2 is inert, i.e. (%) = —1, we have d =5 mod 8, thus d =1 mod 4.
The sets Q(M)
By [17, Lemma 0.4 B], we have

0 M <2nand M =1 mod 2,

{2™¢pleg € [0,2™ — 1], 21 o} M + 2m with m € [1,n — 2],
QM) = {2"c1|cq € 0,272 = 1]} M =2n—2,

{27 teglep € 10,27 —1)24 g} M = 2n,

0 M > 2n.

Complete system of pairwise not-associated atoms
) 2,
) Ume withme[l,n—2],ce 2™ —1],21¢,
type (¢) up_1,. with ¢ € [0,2"" —1], 2¢f¢,
) Une with ¢ € (0,272 —1].
Let uy,, . be an atom of type (d) and set pFer = ¢ for k € Ng. Then we have Un,c = Unthcp -

Since ¢ € [1,2"72 — 1], we find k € [0,n — 3] and ¢; € [1,p"*~2 —1]. Each k € [0,n — 3]

appears.
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Relations among these atoms
More or less the same as in the case p # 2.

Unions of sets of lengths
Vao(R) = [2,2n] and V3(R) = [2.3n].
4.2.3.6. Unions of sets of lengths (all cases).

LEMMA 4.2.7. Let H be an atomic monoid and e € N minimal such that ep(H) € N.
If, for all k € [2, max{3,e + 1}],

(4.2.1) Vi(H) = {max {2, [p(kHJ } : UCP(H)J}

is satisfied, then (4.2.1) holds for all k > 2.

PROOF. For short, we set n = p(H). Suppose now e = 1. In this case, we prove
the assertion by induction on k. Let k > 4 and suppose the assumption is true for all
2 < k' <k. Let I, ' € Ng be such that k = 2] + 3I’. Then we have

2004+ 1'),kn] = [2(L+1'), (20 + 31')n] = IVo(H) + I'V3(H) C Vi(H).

It remains to show that
k
{max {2, {n-‘ } 20041 - 1} C Vi(H).

Let k' € [max {2, [£]},2(14 ') = 1]. Then we find

% <K <2+1)—-1<20+10) <2043l =k,

and therefore k'n > k > k’. By induction hypotheses, it follows that k € Vi (H), and
therefore k' € Vi, (H).

Now suppose e > 1. Then we have max{2,e+ 1} = e + 1 and we prove the assertion again
by induction on k. Let k > e + 2 and suppose the assertion is proven for ¥’ < k. k has a
unique decomposition of the form k = ek’ + k" with k' € N and k" € [2,e + 1]. We have
K'Ve(H) + Vi (H) C Vi(H). Since en € N, we have |kn| = |(K'e + ¥")n] = K'en + |k"n],
and therefore [k, |kn]] = [K'e,e'en] + [k, K", [K'n]] C Vie(H) + Vin(H) C Vi(H). Tt

remains to show that
k
M = [max{2, Lj } ,k) C Vi(H).

Let k' € M. Then

k <k <k,

n
and therefore k' < k < k'n. Since k € N, we have k < [k'n|, and therefore we have
ke Vi(H), ie k' € Viy(H) by induction hypothesis. O

COROLLARY 4.2.8. Let k € N>o. Then

Vet = e {2.[E] V.

PRrROOF. Follows from Vo(R) = [2,2n] and V3(R) = [2,3n] by Lemma 4.2.7 since
p(R)=neN. O
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4.2.4. The theorems on min A(Rys) and on min A(Ok ¢).

THEOREM 4.2.9. Let R be a Dedekind domain with quotient field K, L/K be a finite
separable field extension, let R = clg(R), f € R*\ RX, Ry = R+ fR, let each class in
Pic(Ry) contain a prime, and set P* = {p € X(Ry) | f € p}.

1. If some p € P* splits in R, then:
e For all finite subsets I C N>y there is some a € T*(Ry) such that I C L(a).
In particular, V,(Z*(Ry)) = [2,00) for all | > 2.
o If, additionally, #Pic(Rf) < 2, then, for all finite subsets I C N>q, there is
some a € Ry such that I C L(a).
In particular, V,(Ry) = [2,00) for all | > 2.
2. If one of the conditions
(a) #Pic(Ry) > 3,
(b) some p € P* splits in R, or
(c) some p € P* has ramification index > 4 in R
holds, then min A(Ry) = 1.
If (b) or (c) holds, then we have additionally min A(Z*(Ry)) = 1.

In particular, we can choose R =7, K = Q, L an algebraic number field, R = O, = clp(R),
and f € Z*\Z* or R = F[t] with F a field, K = F(t), L be an algebraic function field
over I such that R = clf(R) is a finitely generated R-module, and f(t) € F[t]*\ F*.

THEOREM 4.2.10. Let K be an algebraic number field, f € N>o, P*={peP|p| f}.

1. If some p € P* splits in Ok, then:
e For all finite subsets I C N>o, there is some a € Z*(Ok, ) such that I C L(a).
In particular, Vi(Z*(Ok ) = [2,00) for alll > 2.
o If, additionally, # Pic(Ok ) < 2, then, for all finite subsets I C N2, there is
some a € Ok ¢ such that I C L(a).
In particular, Vi(Ok ) = [2,00) for all 1 > 2.
2. If either
(a) #Pic(Orcs) >3,
(b) there is p € P* which splits in Ok,
(c) there is p € P* which has ramification index > 4 in O,
(d) there is p € P* and p € spec(Ox) with p N O,y = pOk s such that p is a
principal ideal (in Ok ) and (Ok 1)) is not half-factorial, or
(e) Ok ¢ is locally half-factorial,
then min A(Ok ¢) < 1.
If (b),(c), or (e) holds, then we have additionally min A(Z*(Ok 5)) < 1.

In particular, if (e) holds, then min A(Z*(Ok ¢)) = 0.

PROOF OF THEOREM 4.2.9. In the whole proof we use the results from Lemma 4.1.7.2

without any further reference. The additional result follows immediately by Lemma 4.1.7.3
and by Lemma 4.1.7.4.

1. Let p € P* split in R. Now we apply Theorem 4.2.3 with H = D = I*(Rf),
therefore #q(D/H) =1, and D; = ((Rf)zp))red to obtain the assertion for Z*(Ry).
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If # Pic(Ry) < 2, we can apply Theorem 4.2.3 a second time with H = (R})md to
obtain the assertion for R;.

2. (a) Let #Pic(Ry) > 3. If we apply Lemma 1.2.17.1 with H = R} C D = I*(Ry),
we find min A(Ry) = 1.

(b) In this particular case the assertion follows from part 1.

(c) Let p € P* be a prime which does not split in R (otherwise everything is
proven in (b)) and which has ramification index > 4 in R. We can apply
Theorem 4.2.4.1 with H = D = I*(Ry) and Dy = ((Rf)zp))red' Then we get
min A(Z*(Ry)) = 1. If #Pic(Ry) > 3, we have min A(Ry) = 1 by (a). So
now we can assume # Pic(R;) < 2. Hence, we can apply Theorem 4.2.4.1 a
second time with H = (R})red and we find min A(Ry) = 1. O

PrROOF OF THEOREM 4.2.10.

1. Follows from Theorem 4.2.9.1.

2. We show min A(Z*(Ok ¢)) < 1 and min A(Og.f) < 1 for each of the conditions
(a)-(e). In all cases but (a) we assume # Pic(Og,r) < 2. The cases (a)-(c) follow
from the corresponding cases in Theorem 4.2.9.2. So now we only have to deal
with (d) and (e).

(d) Let p € P* be a prime such that there is p € spec(Og) with p € Ok 5 = pOk 5
that is a principal ideal (in Ok). Therefore [plpico, ;) = Plox/ok; = 0.
If p splits in Ok we are in the situation of (b) and if p has ramification
index > 4 we are in the situation of (c¢). Therefore we may without loss of
generality assume that p does not split in Ok and that p has ramification
index e € {1,2,3}. Now we do the proof case by case.

If e = 3, then we can apply Theorem 4.2.4.2 with D = I*(Ok ), D1 =
((OKf)Zp))red and H = I*(Ok,y) respectively H = (O} ¢)rea- Then we get
min A(Z*(Ok.f)) < 1 respectively min A(Og ) < 1.

If e = 2, then let n € N be such that p™ | f and p" ™! { f. Let p € X(Ok) be a
prime ideal such that pNOk y = pOk y and p = pOk. By Lemma 4.1.5 we find
an atom a € A(((Ok,f){,))red) such that vs(a) = 2n. Now the assertion follows
by Theorem 4.2.4.3 with D =7*(Ok 5), D1 = (((’)Kf)zp))red, H =71*(Ok,y),
and H = Oy ; for *(Okf) respectively for Ok f.

If e = 1, then we set n € N such that p" | f and p"*! { f. By Proposition 4.1.4.2

(OK’f)Zp) is a monoid of type (1,n). If n =1, then (O, ) (,) is half-factorial —

(p
a contradiction. Thus we can assume n > 2.

First we deal with n > 3. By Lemma 4.1.5 there is a € A(((Ok,f){,))red) such
that a = p"a with a € (((Ok)p))rea)” We set H, D, and D; as before. Now
we can apply Theorem 4.2.4.4 with ¢ = o and n = 1 +p" 2 if MlPicOx ;) = 0.
Otherwise we can set = (1 + p"2a)2.

Now let n =2 and k = [K : Q]. For all & € (Ok) () \(Z()) + p(Ok)(,) =
(OKP)E;) we have p?’a € A((Ok,f) () (This follows immediately from the
proof of Lemma 4.1.5.).

A relation of type

p’a® =p(pa®) or (p*a®) = (pB)(py)
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with 3, v € ((’)Kp)(xp) is equivalent to a2 € Fy (: (Ok)@p) — Fpe is the
canonical mapping). But this cannot be the case for all elements since
X _ k _
#Fp =p" —1>2(p—1)=2#F)
for all p € P and k > 2. Thus there is a € ((’)K)E;) such that p?a, p?a? €
y =0.
If [a]pic(ok ;) = 9, then we consider a? and o? instead. For k > 3, the

A((Ok.f)(p))- Now we can apply Theorem 4.2.4.5 if [a]pic(o, ,
inequality

#ES = p" — 1> 4(p — 1) = 4#F)
holds for all p € P. Thus the assertion follows again by Theorem 4.2.4.5.
If £ = 2, we reuse the explicit calculations from subsection 4.2.3. The atoms
in [17, Lemma 0.5] can be chosen globally. Thus the assertion follows.

(e) In this particular case the assertion follows from Corollary 3.1.21.2. |
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